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1 System of linear equations

Example 1.1 Solve

T, — 2%2 = 71,
—x1 + 3z0 = 3.

Add the second equation to the first one, to get zo = 2. Get back to the first
to get &1 = 3. In this course, we will study the general case.

Definition 1.2 Let x1, 22, ,x, be variables. A linear equation is
a1r1 + asxo + -+ - apT, = b.
A system of linear equations is of the form
anzi + a12T2 + - A1 Tm = by,

{ a21%1 + A22%2 + * - A2 Ty = b27

(%)

Ap1T1 + Gp2T2 + - - QT = by,
Fundamental questions of linear algebra are

Problem 1.3 For the system of equations (*), how to solve it? Is there a
solution? If yes, how many solutions?

Obviously the system (x) is determined by the coefficients a;; and b; (1 <
i <n,1 <j<m). The answer to the above question is determined completely
by these a;; and b;. For convenience, we introduce the concepts of vectors and
matrices.

Definition 1.4 A wvector is an ordered tuple of real numbers:



also denoted as (uy,ug, - - - ,un)T, The n is called the dimension of the vector u.
We denote the set of all n-dimensional vectors by R™. For two n-dimensional
vectors u, v, we define the sum and dot product as

Ul =+ U1
U + Vo
u+v= . R
Uy + Vn
UV = ULV + U2V + +*+ + UpVUp .-
Using the dot product, we write the linear equation a1 z14+asx2+: - anxy, = b

as (alaa2a o aan)T . (SL'],.'I?Q, e ;xn)T =b.
The system (*) can be denoted as AX = b, where

aix aiz - Qi
a1 Q22 -+ G2p
A p—
an1  anp2 T Ann
is called the coefficient matrix and X = (21,72, - ,2,)%, b= (by,ba, -+ ,b,)T.

The matrix [A4, b] is called the augmented matrix.

Example 1.5 (Elementary row operations) In the process of solving AX = b
(or the system (x)), we can operate the following three elementary operations
(to [A,b]):

1. (Replacement) Replace one row by the sum of itself and a multiple of
another row.

2 (Interchange) Interchange two rows.

3. (Scaling) Multiply all entries in a row by a nonzero constant.

Eventually, the matriz [A,b] is reduced to the form (called reduced Echelon
form) satisfying:

1. The first nonzero entry (called the leading entry) in each nonzero row is
1 (after scalings).

2. Fach leading 1 is the only nonzero entry in its column (after repal-
cements).

3. All nonzero rows are above any rows of all zeros (after interchanges)

5. Fach leading entry of a row is in a column to the right of the leading
entry of the row above it (starting from the first column to the last column).

Example 1.6 There is a standard way to reduce the matriz [A,b] into the re-
duced Echelon form. The process is called Gaussian elimination (see the Text-
book for an explicit explaination). The existence and uniqueness of solutions to
AX = b depend entirely on the reduced echelon form. For example,

1 T bl
1 To| = bg
0 T3 bg



has solutions only when bs = 0. When bs = 0, the system has infinitely many
solutions, with x3 can be any real number. In such a case, we call x3 the free
variable.

Definition 1.7 (linear combinations) Given vectors vy, va, -+ , vy € R™, a lin-
ear combination of these vectors is a sum

a1v1 + - F AmUm

for some ai,a9,--- ;a, € R. The set of all linear combinations is denoted by
Span{vy,vg, -+, U}

Example 1.8 Span{(1,1),(1,—1)} = R2,

Example 1.9 The system AX = b has a solution if and only if b is a linear
combination of the columns of A.

Lemma 1.10 For any two vectors u,v € R™, a € R and an m x n matriz A,
we have

A(u +v) = Au + Av,
A(au) = aAu.

2 Solution sets of linear systems

The system AX = 0 is called homogeneous. Since A0 = 0, there is always a
solution to the homogeneous system. A non-zero solution of AX = 0 is called a
non-trivial solution.

Lemma 2.1 For any two solutions X1, Xo to AX = b, the difference X1 — Xo
is a solution of AX = 0. Fix a solution Xog to AX =b. The set of all solutions
to AX =bis {X e R" | AX =0} + Xo.

The following is the process of solving AX =b:

1. Row reduce the augmented matrix [A, b] to the reduced echelon form.

2. Express each basic variable in terms of any free variables appearing in
the system given by the reduced echelon form.

3. Write a typical solution X as a vector whose entries depending on the
free variables, if any.

4. Decompose X into a linear combination of vectors (with numeric entries)
using the free variables as parameters.

Example 2.2 Describe all solutions of AX = b, where

3 5 —4 7
A=|-3 -2 4|,b=|-1
6 1 -8 —4



3 Linear dependence and linear transformations

Two vectors u, v are co-line if u = rv for some real number r € R. Three vectors
u,v,w are co-plane if they lie in the same plane. The following is a general
concept.

Definition 3.1 Vectors vy, va, -+ , vy € R™ are linearly dependent if
ai1v1 + asve + -+ AUy, =0

for some non-zero vector (ay,as, - ,am). Similarly, vi,ve, - , vy, € R™ are
linearly independent if a1v1 + asvs + + -+ + amUy, = 0 can only hold for a1 =
ag=---=0.

Example 3.2 The set {(1,0),(0,1)} is linearly independent in R?.

Lemma 3.3 Two vectors {u,v} are linearly dependent if and only they are
co-line. Three vectors {u,v,w} are linearly dependent if and only if they are
co-plane.

Lemma 3.4 vy,v9, -+ , 0y € R™ are linearly dependent if and only if one vector
s a linear combination of the other vectors.

Proof. If ajvy + asvs + --- + ayv,, = 0 holds for some nonzero a;, then

v; = —L(Zj# a;v;), a linear combination. Conversely, if v; = Zk# apv,

a;

then Zk# aivi — v; = 0. Thus {v1,ve, -+ ,v,,} are linearly independent. m

Lemma 3.5 Let A = [v1,v2, -+ , 0] be a matriz with v; as its i-th column.
V1,02, Uy € R™ are linearly dependent if and only if AX = 0 has a non-
trivial solution.

Proof. It is obvious. m
Corollary 3.6 Any set {vi,v2,--- ,vp} € R" is linearly dependent if p > n.

Recall that R™ is the set of all n-dimensional vectors. For two vectors z,y €
R™ and a real number a € R, we can define x + y and az.

Definition 3.7 A linear transformation f : R™ — R"™ is a function assigning
each element © € R™ an element f(z) € R™ such that

flax +by) = af(x) +bf(y),

for any a,b € R. In other words, f assign linear combinations to linear combi-
nations.

Example 3.8 For an n x m matriz Ay, xm, the function f(z) = Az : R™ — R"
1s linear.



Theorem 3.9 For any linear transformation f : R™ — R™, there is a unique
matriz A (called the standard matriz of f) such that f(x) = Ax. Actually,
A=[f(e1), f(e2), -, f(en)] where e; is the j-th column of the identity matriz
m R™.

Proof. Any vector x = (z1,22, -+ ,2,)T € R™ is a linear combination z =
xT1€1+Taes+- +Tyen,. Therefore, f(x) = z1f(e1)+xaf(ea)+ -+ xm flem) =
[f(el)a f(eQ)v to ,f(en)]x u

Example 3.10 Let f : R? — R? be the transformation that rotates each point
in R? about the origin anti-clockwise through an angle p € [0,2n). Show that
the standard matrixz of f is

cosyp —sinep
singp cosy |-
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1 Matrices: sum, product and transpose

Recall that an n x m matrix M = (a;;)1<i<n,1<j<m has a real number a;; in
the (7, j)-th position. For two n x m matrices A = (ai;)nxm, B = (bij)nxm, We
can add them together A+ B = (a;; + bij)nxm. For any real number a € R, the
scalar multiplication aA = (aa;j)nxm. We use the notation: z1+xz2+-- -+, =

2211 Ly

Definition 1 For matrices Anxm, Bmxk, the product AB = (c;5) is an n X k
matriz with (i,7)-th entry
m
Cij = Zaisbsj'
s=1

Example 2 For a matriz A = (a;;j)nxm and a vector X = (x1,22, ,Tm)T,
the product AX = (ZT=1 @ijZj)1<i<n 1 an n-dimensional vector.

Lemma 3 For matrices Anxm, Bmxk, Crxi, we have

1) (AB)C = A(BC);

2) A(By + Bs) = ABy + ABs, if By, B2 have m rows;

3) (A1 + A9)B = A1 B + A3 B if Ay, Ay have m columns;

4) a(AB) = A(aB) = (aA)B for any real number a € R;

5) I,A = Al,, = A for identity matrice I, I, (of size n X n,m x m respec-
tively).

Example 4 Let A = [100 ﬂ ,B = [(1] ﬂ . Note that AB # BA.

Definition 5 The transpose of an n x m matrizc A = (a;;) is the m x n matriz
(bij) with b;; = aj;. Denote the transpose by AT. In other words,

a1l a21 an1
AT @12 a2 an2
A1m A2m e Anm



Example 6 The transpose of a row vector (aj,as,- -+ , @) is the column vector

Lemma 7 We have (AT)T = A, (AB)T = BT AT, and (A + B)T = AT + BT.

2 Invertible matrices

Definition 8 A square matriz A,xn 18 invertible if there exists a matriz B
such that AB = BA = I,,. When A is invertible, we denote the inverse by A~'.

Remark 9 The inverse is unique if it exists. Suppose By, Ba are both inverses
Of A. Then Bl = Blln = Bl(ABg) = (BlA)BQ = [,LBQ = Bg.

Example 10 A matriz A = [CCL

. P I .
nverse 1s .
ad—bc | —¢ a

Z] 18 inwvertible if and only if ad—bc # 0. The

Lemma 11 When A is invertible, the system AX = b has a unique solution
X =A"1b.

Proof. Left mutiply both sides of AX = b by A~! to get that X = A~!b. Since
the inverse A~! is unique, the solution A~1b is unique. m

Lemma 12 Let A, B be two invertible matrices of the same sizes. Then
1) (A = 4
2) (AB)™' =B71A° Y
3) (AT)~t = (A~HT.

An elementary matrix is one that is obtained by performing a single ele-
mentary row operation on an identity matrix. The next example illustrates the
three kinds of elementary matrices.

Example 13 Find the inverses of the following matrices: 1 , |1
10 1

Can you replace 10 by any nonzero real number a?

Theorem 14 An n x n matriz A is invertible if and only if A is reduced by

elementary row operations to the identity I,,. Moreover, if A = ExFEy_1---F
then A=t = E7'Ey - BT



Proof. Recall that a matrix A is reduced by elementary row operations to the
reduced echelon matrix. If A is invertible, the system AX = b has a unique
solution. Therefore, the echelon matrix is the identity I,,. Conversely, when
A is reduced to the identity matrix, the A is invertible sicne each elementary
matrix is invertible. The last claim is a simply application of 2) in the previous
lemma. m

The previous theorem provides an algorithm for finding A~!: reduce the
matrix A in the augmented matrix [4, I,] into the identity by elementary row
operations, to get [I,,, A71].

Theorem 15 For a square matrix A, xn, the following are equivalent:
1) A is invertible.
2) A is reduced by elementary row operations to the identity matriz.
3) The reduced echelon form of A is the identity I,,.
4) The equation Az =0 has only the trivial solution.
5) The columns of A form a linearly independent set.
6) The linear transformation x — Ax is one-to-one (injective).
7) The equation Az = b has at least one solution for each b € R™.
8) The columns of A span R™.
9) The linear transformation x — Ax maps R™ onto R™ (surjective).
10) There is an n X n matriz D such that AD = I,.
11) There is an n x n matriz C such that CA = 1I,,.
12) AT is an invertible matriz.

Proof. The previous theorem implies the equivalences 1) <= 2) < 3). It
is obvious that 3) <= 4). The equivalence 4) <= 5) is from the definition of
linear independence. It is obvious that 4) <= 6) by the definition of "one-to-
one". 1) = 7) since x = A~ b is a solution. It is obvious that 7) <= 8) +=
9) by the definitions of "span" and "onto". When 9) holds, the standard basis
{e1,€a,...,e,} of R™ has preimages. This means that there exists z; € R™ such
that Az; = e;. Therefore, A[zq,...,x,] = I,. This proves 9) = 10). From the
definition of inverse, we have 1) = 10),1) = 11). If 11) holds, then Az =0
has 0 = CAz = z and thus 4) holds. Similarly, 10) implies AT is invertible.
Since (A7) = (A™1H)T, we have 1) < 12). m

Corollary 16 Let f : R® — R" be a linear transformation. There exists a
linear transformation g : R™ — R™ such that such that fog = go f =idgn (the
identica map) if and only if the standard matriz of f is invertible.

Proof. It follows the uniqueness of standard matrices for g, fog and go f. m

3 Subspaces, dimensions and ranks

Definition 17 A subspace of R™ is a subset H of R™ such that ax + by € H
for any x,y € H and a,b € R.



Example 18 A line, or a plane passing 0 is a subspace of R™. The span of any
subset {vy,va, -+ ,ur} CR™ is defined as the set of all vectors

ajvy + agV2 + - - - + ARk,
for each a; € R. The span is a subspace.

Example 19 For a matriz A, xm, the span of columns of A is a vector space.
The set {x € R™ | Az = 0} is a subspace.

Definition 20 A basis for a subspace H of R™ is a set S such 1) S is linearly
independent; and 2) S spans R™.

Example 21 Let A, «, be a square invertibe matriz. The column vectors of A
form a basis for R™.

Lemma 22 Let S = {s1,82, -+ ,8,} be a basis of R". Every vector x € R"™ is
a unique linear combination

T181 + TaSg2 + -+ Tpsy
of S. The vector (x1,xa,- -+ ,xp) s called the coordinate of x relative to S.

Proof. Since S spans R, any vector z is a linear combination of S. Since S is
linear independent, the linear combination is unique (i.e. suppose there are two
different linear combination. take the difference to get a contradiction). m

Definition 23 Let H < R"™ be subspace and S a basis of H. The number of
elements in S is called the dimension dim(H) of H.

Definition 24 For a matriz A, the rank rank(A) is the dimension of the sub-
space spanned by column vectors of A.

Example 25 Let
-3 6 -1 1 -7
A=|1 -2 2 3 -1
2 -4 5 8 —4

Find a basis for the null space {x : Ax = 0} and the rank(A).

Lemma 26 The rank of a matriz A equals to the number of leading 1s in its
reduced echelon form.

3.1 Rank theorem
Example 27 Let
-3 6 -1 1 -7
A=|1 -2 2 3 -1
-4 5 8 —4

Compute its rank rank(A).



Lemma 28 For invertible matrice Bpixm,Cnxn and matriz A, x, we have
rank(BAC) = rank(A).

Proof. Let A = [Ay, As,..., A,], where A; is the i-th column. Then BA =
[BA1, BAs, ..., BA,,]. View B as a linear transformation f : R™ — R" given by
x — Bx. Since B is invertible, f is bijective. This implies that

BSpan{Al,Ag, 7An} = Span{BAl, BAQ, ceey BAn}

If {z1,xa, - ,xx} is a basis of Span{ A1, As, ..., A, }, then {Bxy, Bxa, -+, Bayg}
is a basis of Span{BA;, BAs, ..., BA,}. This proves that rank(BA) = rank(A)
for any Apxn-

For the other part, we prove that Col(A) = Col(BC). For any « € Col(A), we

aq
have z = Y1 | a;A; for numbers ay,as, ..., a,. Actually, z = A | : | . But z =
QA
ay
AC(C~* | :|), which implies that z € Col(BC). Similarly, any y € Col(BC)
0

has y = ACz for a vector z € R"™. Then y = A(Cz) € Col(A). This proves that
rank(AC) = rank(A), as the dimensions are the same. m

Corollary 29 For matriz A, xm, we have rank(A) = rank(A7).

Proof. Apply elementary row operations to reduce A into the reduced echelon
Ik *
0 0
trices) such that BA = C. Lemma 28 implies that rank(A) = rank(C) = k. Since
ATBT = C7T| the same lemma implies rank(AT) = rank(C?T) = rank(C) =
rank(A). m

form C = . There is an invertible matrix B (product of elementary ma-

Theorem 30 Let A, «m be a matriz. Denote by Col(A) the vector space spanned
by columns of A, Nul(A) the subspace {x € R™ | Az = 0}. Then

dim Col(A) + dim Nul(A4) = m.

Proof. Reduce A by elementary row and column operations to the reduced

echelon matrix Lemma 28 implies that dim Col(A) is k, and the di-

Ik *
0 0
mension of Nul(A) is the number of free variables for the solutions of Az = 0.
Therefore, we have dimNul(A) =m — k. =

Theorem 31 Let A« be a square matriz. The following statements are equiv-
alent:

0) A is invertible.

1) The column vectors of A form a basis for R™.

2) Col(A) =R™.



3) dim Col(A) = n.
4) rank(A) = n.
5) Nul(A) = 0.

Proof. By the definitions and the previous theorem, we have 1) = 2) =
3) = 4) = 5) = 1). The equivalence 0) <= 5) is already proved. ®
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1 Vector spaces and subspaces

Let F =R (the set of all real numbers), C (the set of all complex numbers), or
Q (the set of all rational numbers).

Definition 1 A wvector space over F is a set V, together with two operations +
and multiplication by F', satisfying the obvious commutativity, associativity and
distribution law. Ezxplicitly, it satisfies the 8 conditions in the textbook.

Example 2 The set R™ is a vector space; For fixed positive integers m,n, the
set Mpxn(R) of all m x n matrices is a vector space. The set V.= {f| f is a
continuous function on the interval [0,1]} is a vector space.

Definition 3 A subspace of a vector space V is a subset H such that ax+by € H
for any x,y € H and a,b € R.

Example 4 A line, or a plane passing 0 is a subspace of R™. The span of any
subset {v1,va,- -+ v} CR™ is a subspace.

Example 5 Letn be a positive integer. The set H of all diagonal nxn matrices
is a subspace of My,xn(R). The set of polynomials of degree at most n is a
subspace of {f | f is a continuous function on the interval [0, 1]}.

Example 6 For a matrix A,xm, the span of columns of A is a vector space.
The set {x € R™ | Az = 0} is a subspace of R™.

2 Basis and dimensions

Let V be a vector space. Simimilar to the R™, we can define linear combinations,
linear independence, basis and dimensions for general vector spaces V, as these
concepts involve only additions and scalar multiplications.

For a subset S of V, a linear combination is a;v; + asvs + - - - + ap vy for some
finitely many elements vy, va,...,vx € S and ay,asg,...,a; € F. A subset S C V
is linearly independent if any linear combination ajvi + agve + -+ 4+ agvy = 0
with vy, vg, -+ ,v, € S will imply that each a; =0,i=1,2,..., k.



Definition 7 A basis for a subspace H of V is a set S such 1) S is linearly
independent; and 2) S spans H, i.e. any vector in H is a linear combination of

S.

Example 8 Let A, «, be a square invertible matriz. The column vectors of A
form a basis for R™.

Lemma 9 Let S be a subset of a vector space V and
H = {ayv1 + agvs + - - - + agvg | v1, 09, ..., 05 € S,a1,a9,...,ax € F'}

the subspace spanned by S.

1) Suppose that one of the vector in S, say vg, is a linear combination of
other vectors in S. Then H is the span of S\{vy}, the set of S without vy.

2) Suppose that S is a finite set. If H # 0, then some subset of S is a basis
of H.

Proof. 1) It is enough to prove that any = € H is a linear combination of
elements in S\{vx}. Since z € H, z = ajv; + agvy + - - - + q;v;. Suppose that
v = Zi:l,i;&k b;v;. Then = = ayv1+asve+- - ~—|—Z§:1,#k agbiv; = 22:1,#19(‘11""
arb;)v;, a linear combination of S\{vg}.

2) If S is linearly independent, then S is a basis by the definition. Otherwise,
S is linearly dependent and one element vy, is a linear combination of S\{vy}.
By (1), H is the span of S\{vg}. Continue such a process until a subset S’ of S
is linearly independent and H is spanned by S’. Then S’ is a basis. m

Lemma 10 Let S = {s1,82, - ,Sn} be a basis of V. Fvery vector x € V is a
unique linear combination

T181 + X282+ + TpSn

of S. The vector (z1,T2,- ,2,)T € R™ is called the coordinate of = relative to
S, denoted by [x]s.

Proof. Since S spans V, any vector x is a linear combination of S. Since S is
linear independent, the linear combination is unique (i.e. suppose there are two
different linear combinations. Take the difference to get a contradiction). m

Definition 11 Let V be a vector space and S a basis of V. The number of
elements in S is called the dimension dim(V') of V. It’s possible that dim(V') = co
when S is infinite.

Lemma 12 Let V' be a vector space having a basis S = {by,ba, -+ ,b,}. Then
any subset S’ in V' containing more than n vectors must be linearly dependent.

Proof. Suppose that S’ = {¢1,¢2, -+ ,¢p} with p > n. Then each ¢; is a linear
combination of S, where the coefficients form the coordinate [¢;]p € R™. Since



p > n, the set {[c1]B, [c2]B, - ,[cp] B} is linearly dependent. Thus there exists

a vector (ay,as, - ,ap) # 0 such that Y%_, a;[c;]p = 0. Note that
ci = [b1,ba, - by]lcilp
[017027"' 7Cp](a17a27"' 7ap)T = [blub27“' 7bn][[cl]B7"' 7[017]3}(01170'27'“ , Ap
— 0

and thus > %, a;c; = 0. This proves S’ is linearly independent. m

Corollary 13 If a vector space V' has a basis of n vectors, then any basis must
consist of exactly n vectors.

Theorem 14 (basis extension theorem) Let V be a finite-dimensional vector
space. Any linearly independent set S can be extended to be a basis of V.

Proof. If Span(S) =V, then S is a basis. Otherwise, V' 2 Span(S) and choose
0# v eV but v ¢ Span(S). Then S U {v} is linearly independent (otherwise,
one element is a linear combination of the previous vectors and such an element
must be v). Continue such a process to get a maximal linearly independent
set, which is a basis. Note that a linearly independent set has at most dim V'
elements by the previous lemma, and such a process must stop after at most
dimV steps. ®m

Corollary 15 (basis theorem) Let V.= R™. Any linearly independent set con-
sisting of n vectors is a basis of V.

2.1 Linear Transformations

A function f from a set X to a set Y is a rule that for each (input) x € X
assigns a value (output) y = f(z) € Y. Here X is called the domain and Y is
called the codomain of f.

Definition 16 A linear transformation (map) f : Vi — Vi between wvector
spaces V1, Vs is a function such that

flaz +by) = af(z) +bf(y)
for any a,b € R and x,y € V1.
Example 17 1) For a matrix Apxm, the matriz multiplication function f :
R™ — R™,
T — Az,
18 linear;

2) Rotations and reflections of R? that fiving the origin are linear maps.

Example 18 The kernel ker f = {x € V1 | f(z) = 0} and the image Im f =
{f(x) | x € Vi} are both vector spaces. A linear map f : Vi — Va is determined
by its image on a spanning (or generating) set of Vi.

)T



Theorem 19 (general rank theorem) Let f : Vi — V, be a linear map. We
have
dimker f + dimIm f = dim V;.

Proof. Let {ej,ea,...,ex} be a basis of ker f. Extend this set to be a basis
{e1, €2, ..., e, w1, wa, ..., w; } of V4 by the basis extension theorem. It can directly
checkted that {f(w1), f(ws), ..., f(w;)} is a basis of Im f. =

2.2 Linear maps and matrix multiplications

Let V, W be finite-dimensional vector spaces and f : V' — W be a linear transfor-
mation. Fix a basis B = {b1,be, -+ ,b,} of V and a basis C = {¢1,c2, - , b}
of W. Any vector x € V is a unique linear combination

T =x1by + x2ba + -+ + by,
of B, i.e. & =[by,ba, -+ ,by][z]5. Here
[z] = ($1,£C2,...7£L'n)T

is called the coordinate of x with respect to B. Similarly, f(z) is also a linear
combination

f(ZL') =UYyic + YacCa +-- 4+ YmCm

of W. In other words, we have

f(x) = [Clvc?v T acm][f(x)]c'
A matrix A = Ay p ¢ is called the representation matriz of f with respect to

bases B, C, if
[f(2)]c = Alz]s

for any z € V.
Example 20 When V =W =R" and B is the standard basis
{(1707 7O)Ta(0517"' 30)T7"' 7(070"" 71)T}a

the representation matriz Ay p g is the standard matriz defined before. When
V =W and B = C, we simply call the representation matriz A the B-matriz of

f.

Example 21 When V =W and f = Id, the identical map, the representation
matriz Arq,p,c is called the transition matriz (or Change of coordinate matriz)
from the basis B to the basis C. Show that Arq p,c = AI_d17C7B'

Lemma 22 Let f : V — W be a linear transformation and B = {by,ba, -+ , by}
a basis of V, C a basis of W. The representation matriz of f with respect to B,C
18

A=[[f)le, [fb2)le, - [f(ba)le]-



Proof. It’s obvious that [[b1]p, [b2]B, -, [bn]B] is the identity matrix. The
claim is proved by [f(z)]c = A[z]p for any z. ®

a b
Example 23 Let M, = {[C d
Let f : My — My be given by f(z) = 2T, the transpose function. Prove that
f is linear and find the representation matriz of f with respect to the basis

R N ot

Lemma 24 Let f:V — V be a linear transformation and By, By be two bases
of V. The representation matrices A1, As of f with respect to By, Bo are similar.

} | a,b,c,d € R} be the set of all 2 x 2 matrices.

Proof. Suppose that By = {b1,ba, - , b, }, Ba = {b}, b5, , b, }. According to
the definition, we have

f(l‘) = [blabQ’ T 7bn][f(‘r)]31 = [ /17 /27 T vb/an(x)}Bz
[f(@)], = Az, [f(2)]B, = A2[z]B,-
Therefore,
[b17b25 t ’b7b]A1[z]B1 = [ /17 /27 t vbln}AQ[z]BT
Let P be the transition matrix from By to Bg, i.e. Plx]p, = [z]p,. Choose
x = by, by, -, bl to get that
P[[bll]Bla [b/Q]Bu' ) [bln]Bl] = Ina
[bh va T 7bn]A1[[b/1]B1’ [bIQ]BN' ) [bfn]BJ = [ /1a /2a T 762]"42'
Note that [by,ba, -+, bu][[Di] By, Do) By -+ 5 [Uh] B, ] = [bY, bh, - -+ ,b,]. Therefore,
we have
PA, P71 = A,.
]

Example 25 Let f,g: Vi — Vs be two linear maps. For any a,b € R, we have
a new function af + bg : Vi — Vi defined by (af + bg)(x) = af(z) + bg(z) for
any x € V1. It can be directly checked that af + bg is linear as well. Therefore,
the set Hom(V1,Va) of all linear maps is a vector space.

Definition 26 Two vector spaces Vi,V are called isomorphic if there exists a
bijective linear map f between them.

Example 27 My(R) is isomorphic to R*.

Theorem 28 Two vector spaces Vi, Vs are isomorphic if and only if dimV; =
dim V5.

Proof. Choose base By, By for Vi, Vs respectively. If dim V; = dim Vs, there
is a bijective ¢ : By — Bsy. Define a map f : Vi — V5 as follows. For any
T =) yep, Tob, let f(x) =, cp wpp(b). It’s direct that f is isomorphic. The
other direct is obvious. m



Lecture 4: Determinants

Shengkui Ye
November 7, 2022

1 Determinant: definitions

For a 2 x 2 matrix A = Z Z] , the determinant is defined as det A = ad — bc.

Inductively, we define:

Definition 1 For an n X n matriz A, let Ay; be the submatriz obtained from A
by deleting the 1-th row and i-th column. The determinant

det A = a1 det A11 — a2 det A12 + -4 (—1)"+1a1n det Aln'

1 5 0
Example 2 Compute the determinant of A= |2 4 -1
0 -2 0

Similarly, we let A;; be the submatrix obtained from A by deleting the i-th
row and j-th column. Let C;; = (—1)"™J det A, called the (i, j)-cofactor.

Theorem 3 For anyt=1,2,---,n, we have
det A = anCi +aipCiz + -+ aiCin,
det A = a1;C1 + a2;Co + -+ + aniCn;
1 5 0
Example 4 Compute the determinant of A= |0 4 -1
0 -2 0
dy
* d2
Example 5 Let A = ) be an upper triangular matriz. Show
* "
* x  dy

that det A = d1d2 s dn



2 Properties

Theorem 6 Let A be a square matriz.

1) If two rows are exchanged to produce B, then det B = — det A.

2) If one row is multiplied by k to produce B, then det B = kdet A.

3) If a multiple of one row is added to another row to produce a matriz B,
then det A = det B.

Proof. Suppose that A = (a;;).

For 1), it is obvious when the size is 2. When the size of A is larger than 2,
we will prove the statement by induction. Suppose that the i, j-th (i < j) rows
are exchanged.

Case 2.1. When ¢, j are both larger than 1, expand A, B along the first row
to get

detA = anCi+a12Ci2+ -+ a1,Cin,
detB = auC{l + algcig + -+ alnCin.
Here C, is the cofactor of B. By induction, we have C{, = —Cy; for each

l=1,2,---,n. Therefore, det A = —det B.
Case 2.2. When ¢ = 1,j = 2. Let A be the submatrix of A by deleting the
first two rows and the s-th, t-th columns. Direct calculation shows that

detA = aj;detAi;; —ajppdet A +---+ (—1)”"’1a1n det Ay,

= S (1) ar det Ay,
s=1

= Z(*l)l+8als(2(*1)l+t02t det Ast —+ Z(*l)tCLQt det Ast)
s=1 t<s t>s

= Z(—l)”tah@t det Ay + Z(—1)1+s+t@13a2t det Ay,
t<s t>s

= —(Z(—l)ertagtals det Ay, + Z(—1)1+S+ta2ta13 det Ay,)

t>s t<s
= —detB.

Case 2.3. When ¢ = 1,j > 2, we exchange the j-th and 2nd rows of B to
get a matrix C. Continue to exchange the 1st,2nd rows of C to get a matrix D.
Exchange the j-th and 2nd rows of D to get C. By Case 2.1 and Case 2.2, we
have det B = —det C = det D = — det A.

After exchanging rows, the 2) is obvious from the definition by expanding
along the first row.

For 3), suppose that B = (b;;) with b;; = a;; + aag; for some ¢ and k and
any j = 1,2,...,n. Expand B along the i-th row to get

n n

det B = Z bL]CLJ = Z(aij + aak.j)Cij =det A+ aZakjcij.

j=1 j=1 j=1



Note that Z;—Ll ar;jCy; is the derminant of the matrix C obtained from A by
replacing the i-th row by the k-th row. By 1), det C = 0 since exchanging i, k
rows does not change C. Thus we have det B = det A. =

Corollary 7 1) det A =a;1Ci1 + a;2Cio + -+ - + a4;nCip, for any i =1,2,...,n.
2) If two rows of a matriz A are the same, then det A = 0.

1 -4 2
Example 8 Let A= |—-2 8 —9|. Show that det A = 15.
-1 7 0

Theorem 9 A square matriz A is invertible if and only if det A #£ 0.

Proof. When A is invertible, A can be reduced by elementary row operations
to the identity matrix and thus has non-zero det A. On the other hand, when
det A # 0, the reduced echelon form of A is invertible and thus A is invertible.
]

Theorem 10 For two square matrices A, B, we have det AB = det Adet B.

Proof. Since A, B are invertible, we reduce them by elementary row operations
to the identity matices. Suppose that A = E1Fy---E, B = [} Fy--- F; for
elementary matrices E;, F;,1 <i <k,1 < j <[. By Theorem 6, det A equals to
(—1)% det Dy, where k; is the number of type 1) permutation matrices and D
is the product of type 2) diagonal matrices. Similarly, det B = (—1)*2 det Dy
using the same notation. Since AB = E1FEs -+ Ex 1 Fy - - - Fy, we have det AB =
(=1)F1tk2 det (D1 Dy) = det Adet B. m

Corollary 11 For a square matriz A,yxn, we have det A = det AT. Further-
more,

det A = a1;C1i + a2iCo; + -+ + aniCp;

for anyi=1,2,....n (Expansion along Columns).

Proof. If A is not invertible, then det A = 0. In this case, AT is not invertible as
well and thus det AT = 0. Suppose that A is invertible and A = E,Es - - - By, for
elementary matrices F;,1 < i < k. Note that AT = E,z .. EgEf By Theorem
6, det A and det AT both equal to (—1)** det D, where k; is the number of type
1) permutation matrices and D; is the product of type 2) diagonal matrices. m

Let o : {1,2,...,n} — {1,2,...,n} be a bijection of the set consisting of n
natural numbers. Usually, the bijection o is called a permutation of the n-letters.
The set S,, be the set of all bijections o.

Corollary 12 det A =) g sgn(0)ay(1),100(2),2 " " Go(n),n,580(0) € {1, 1}
In particular, det A is a polynomial of its entries.



Proof. Expand the determinant det A along the first column to get that det A =
>or 1 (=1)"*%a;, 1 det Ay, 1. Continue to expand det A;, ;1 along its first column
to get that det A; 1 =32, 4 (—1)2T2q,, 5 det(A;; 1)i,.1. Continue this process
to get that
det A = Z Sgn(a)ao(l),laa(2),2 © Qg (n),n
oES,

where (0(1),0(2),...,0(n)) = (i1, 2, ...,4,) is a permutation of (1,2,...,n) (and
thus o can be viewed as a bijection from the n-letter set {1,2,....,n}). =

Remark 13 Although sgn(o) € {1,—1}, it’s usually complicated to determine
it explicitly. Prove that when o is an interchange (i.e. there exist integers
i # 7 < n such that o(i) = j,0(j) = i and o(k) = k for any k # i,j.), the
sign sgn(o) = —1. The proof of the previous corollary gives a practical way to
calculate sgn(o).

3 Cramer’s Rule

Theorem 14 Let A be an invertible n X n matriz. For any b € R™, the system
Ax = b has the solution

detAZ-(b) .
= g =1.2....
xl detA 7Z ) )

’n)

where A;(b) is the matriz obtained from A by replacing the i-th column by b.

Proof. Suppose that I = [e, e, ..., e,], where the columns are the standard
basis. Note that AxI;(z) = [Aey, - Az, --- Ae,] = A;(b) and thus det AL (x) =
det A - x; = det A;(b), since det I;(z) = x;. =

Example 15 Use cramer’s rule to solve {_35 _42} x = [g} )

det A; (EJ')

: -1 __
det A )1<i,j<n since AA™H =1T,,.

By Cramer’s rule, A= = (
Corollary 16 Let A* = (Cj;)1<i,j<n, called the adjoint matriz A, where Cj; is
the ji-th cofactor. Then

1
—1 *
= A*.
det A

Proof. It is enough to note that det A;(e;) = C}j;, by expanding A,(e;) along
the j-th column. m

Example 17 Let A be an integer matriz (i.e. entries are integers) and det A =
1. The previous corollary implies that the inverse A~ is an integer matriz as
well. Similarly, when A is a polynomial matriz (i.e. entries are polynomials)
and det A = 1, the inverse A™1 is a polynomial matriz.



Corollary 18 Let A,xn be a square matriz, n > 2. If rank(A) = n, then
rank(A*) = n; if rank(A) = n — 1, the rank(4A*) = 1; if rank(A) < n — 2, the
rank(A*) = 0.

Proof. If rank(A) = n, then A is invertible and thus A* = det(A)A~! is of full
rank.

If rank(A) = n — 1, then A has n — 1 linearly independent rows. These
rows form a matrix of rank n — 1 and the submatrix thus has n — 1 linearly
independent columns. These columns form a submatrix of A with non-zero
cofactor. Therefore, A* # 0. Note that AA* = 0 and the columns of A* are the
solutions of Az = 0. The rank theorem implies that Nul(A) has dimension 1.
Therefore, dim rank(A*) = 1.

If rank(A) < n — 2, then any n — 1 rows of A are linearly dependent.
Therefore, any cofactor C;; =0 and A* =0. m

The following is a result relating the rank of A to the determinant of its
submatrices.

Lemma 19 Let A be a matriz. The rank of A equals to the maximal integer k
such that there exists a non-zero k x k submatriz B of A with nonzero det B # 0.

Proof. Note that rank(A) = dim Col(A). When k > rank(A), any k columns
of A are linearly dependent. This means any k X k submatrix of A has linear
dependent columns.

When k = rank(A), choose k linearly independent columns {A;, Ao, ..., Ay}
of A. Then rank[Ai,...,A;] = k = rank[Ay, ..., A;]T. There are k rows of
[A1, ..., Ag], which are linearly independent. These k rows give a k X k sub-
matrix with nonzero determinant. m

4 Geometric meaning of determinants

Lemma 20 If A is a 2 X 2 matriz, the area of the parallelogram determined by
the columns of A is | det A|.

Proof. If the two rows of A are parrell, then A is not invertible and thus
det A = 0. We simply assume that det A # 0 and the two rows are linearly
independent. If ¢ = 0, then the parallelogram has bottom |a|, and hight |d|.
Thus the area is |ad| = det A. Generally, when ¢ # 0, rotate the plane anti-
clockwise by degree ¢. The corresponding linear transformation is

cos¢ sing|
{— sing cos (b} ‘R - R%.
cos¢  sing

a .
_sing cos ¢] [c} has its second

Choose an appropriate angle ¢ such that [
component 0. Therefore,

. -1 .
dot A — det [ cos ¢ blnd)] det [ cos ¢ bln¢:| A

—sing cos¢ —sing cos¢



whose absolute value is the area of the parrellogram formed by the two rows of

cos¢p sing . .
{_ sing cos (A A. The proof is finished. =

Lemma 21 If A is a 3 X 3 matriz, the volume of the parallelepiped determined
by the columns of A is | det A|.

Proof. The proof is similar to that of the previous lemma. Suppose that R3
has the ordinary coordinates x,y,z. If the third row vector of A lies on the
z-coordinate, then the first two column vectors of A lie in the zoy-plane. By
the previous lemma, the area of the bottom parallelogram is the absolute value

of det Az3 = det {le 212]. Expand A along the third row to get
21 Q22

det A = ass det @i A2 s
a21 Q22

whose absolute value is the volume of the parallelepiped, whose hight is |ass],
area of the bottom is | det Az3|. For the general case, we rotate R3, such that
the last column of AT (i.e. the last row of A) lies in the z-coordinate. Since the
rotation does not change volums, the proof is finished. =

Lemma 22 Let S C R? be region with its volume defined. If f : R? — R3 be
a linear map with standard matriz A, then the volume of f(S) is | det A|vol(S).
Similar result holds for f : R? — R? on areas.

Proof. By the definition of volumes in Calculus, the volume of S is the infi-
mum of the sum of volums of small cubes covering S. Since f is linear, it is
additive on the small cubes. Therefore, it’s enough to prove the case when S is
a cube. Without loss of generality, we assume that one vertex of S is the origin.
Suppose that S has its three edges (a,0,0)7, (0,b,0)7,(0,0,c)”. Then f(S) is a
a
parallelepiped, formed by the rows of A b . By the geometric meaning
c
of determinant, f(S) has the volume |det Alabc = | det A|vol(S). m

Example 23 Let a,b > 0. Find the area of {(z,y) | %z + g; <1}

Proof. Let S = {(z,y) | 2% + y? < 1}. Define f: R? — R? as

iGh=lal=1 L)

Therefore, f({(z,y) | % + z—s < 1}) = S, and thus Area(S) = f5 = 7ab. ®



Lecture 5: Eigenvalues and eigenvectors

Shengkui Ye
November 22, 2022

1 Eigenvalues and eigenvectors: definitions

Definition 1 Let A be an n X n matriz. Suppose that there exists scalar A and

nonzero vector x such that
Ax = \x.

The X is called an eigenvalue of A and x an eigenvector of A corresponding to
A

Example 2 Let A = L,l) g] and x = [ 6

5} . Check that x is an eigenvector.

Remark 3 Let Rx be the line spanned by x. If x is an eigenvector, then A
(viewed as a linear transformation R™ — R™) maps Rx to Rz, i.e. the line Rx
18 preserved by A.

Lemma 4 )\ is an eigenvalue of A if and only if det(A — A\I,,) = 0.

Proof. By the definition, Az = Az if and only if (A — AI,,)z = 0. In other
words, A is an eigenvalue of A if and only if (A — AI,)x = 0 has a non-zero
solution, which is equivalent to det(A — AI,,) =0. m

Corollary 5 0 is an eigenvalue of A if and only if A is not invertible.

ai1 * %
as2 *

Example 6 Let A = ) be an upper triangular matriz.
a"l’Lﬂ,

The eigenvalues of A are diagonal entries.

Example 7 For a fized eigenvalue A, the set V) = {x | Ax = Az} of eigenvec-
tors is a vector subspace, called the eigenspace of A corresponding to A.

Lemma 8 Ifxy,xs, -,z are eigenvectors corresponding to distinct eigenval-
ues A1, Ag, -+, A\, then {x1,2z2, -+ ,xx} are linearly independent.



Proof. After reordering the index, we assume that Aj, Ao, -+, Ag are all dis-
tinct. Suppose that {x1, za, - , 271} are linearly independent, but {z1,za, - ,z;}
are linear dependent. For some a; we have a1z + asxo + -+ + aj_17_1 = 2.
Multiplying A at both sides, we have

a1 Az + agAxg + - +a—1Ax1 = Az

AT+ aXoTe + - a1 = N

Therefore, a1 (A; — A1)z1 + -+ + aj—1 (A — \j—1)x;—1 = 0, which is a contradic-

tion. This means that the linear independence of {x1,xs, -+ ,2;—1} implies the
linear dependence of {x1,x9, -+ ,x;_1,x;} for any [. Eventually, we have that
{z1,xa, - ,x1} are linearly independent. m

2 Characteristic polynomial and diagonalization
Definition 9 For a matriz A, xn, the det(A — AI,,) is called the characteristic
polynomial of A. The roots of this polynomial are eigenvalues.

Example 10 Find the eigenvalues of B —36} .

Two matrices A, B are called similar if there exists an invertible matrix P
such that PAP~! = B. Changing A into PAP~! is called a similarity transfor-
mation.

Lemma 11 Two similar matrices A, B have the same characteristic polynomi-
als and thus the same eigenvalues.

Proof. det(PAP~'—\I,) = det P(A—\I,,)P~! = det Pdet(A—A\I,,)det P~ =
det(A —AL,). m

Definition 12 Let A be an nxn matriz. If det(A—AIL,) = (—1)" (A=) (A —
A2)™2 - (A= Ag)™, then the integer m; is called the algebraic multiplicity of the
eigenvalue \;.

For an eigenvalue A, the space V) = {v | Av = M} is called an eigensapce of
A corresponding to \. The dimension dim V) is called the geometric multiplicity

of \.

Example 13 Let A =

O O W
S W

1
2| . Find its eigenvalues and their algebraic and
1

geometric multiplicities.

A matrix A is diagonalizable if there exists invertible matrix P such that
PAP~! is diagonal.

Theorem 14 An n xn matriz A is diagonalizable if and only if A hasn linear
independent eigenvectors.



Proof. Suppose that there exist invertible matrix P and diagonal matrix D
such that PAP™! = D. Then AP~! = P~!'D. Then the columns of P~! are
eigenvectors and thus linear independent.

If {1, x2,...,x,} are eigenvectors of A, then

Alxy, @, ., xy] = [Axy, Axo, ..., Axy)
= [m17x27"'7$n}diag()‘17)\27"‘7)\n)'
Here diag(A1, A2, ..., A, ) is the diagonal matrix with diagonal entries ;. When

{z1,22, ...,z } are linear independent, the matrix [z1,z2,...,z,] are invertible
and thus [z1, 2a, ..., vp) T Alw1, T2, ..., 2] = diag(A1, A2, .oy Ap). W

The proof of the previous theorem shows that A = [z1, xa, ..., 2, |diag(A1, Ag, ..

for the eigenvalues \; and eigenvectors v;, when A is diagonalizable.
Corollary 15 If A, x» has n distinct eigenvalues, then A is diagonalizable.

Proof. If A has n distinct eigenvalues, then it has n linearly independent
eigenvectors. m

Example 16 Diagonalize the following matriz, if possible

1 3 3
A=|-3 -5 -3
33 1

Theorem 17 Let A be an n xn matriz whose distinct eigenvalues are Ay, ..., Ap.

1. For1 < k < p, the dimension of the eigenspace for A\ is less than or equal
to the multiplicity of the eigenvalue \j.

2. The matriz A is diagonalizable if and only if the sum of the dimensions
of the eigenspaces equals n, and this happens if and only if

(i) the characteristic polynomial factors completely into linear factors and

(ii) the geometric mutiplicity equals to the algebraic mutiplicity for each
eigenvalue, i.e. the dimension of the eigenspace for each A\ equals the
algebraic multiplicity of k.

8. If A is diagonalizable and By, is a basis for the eigenspace corresponding to
A for each k, then the total collection of vectors in the sets B1, Ba, -+ , B,
forms an eigenvector basis for R™.

Proof. (2) If A is diagonalizable, assume there exist invertible matrix P and
diagonal matrix D such that PAP~! = D. Then the characteristic polynomial
of A is the same as that of D, which is a product of linear factors. The dimension
of the eigenspace of D for each A\ clearly equals the multiplicity of k. View P
as an invertible linear transformation. Note that P{v € R™ | Av = A\yv} is the
corresponding eigenspace of D.

. )\n)[ibh Ty ...

T



Conversely, when the dimension of the eigenspace for each A\ equals the
multiplicity of k£, we can choose k linearly independent vectors in the eigenspace
V.- Since > k = n, we have n linearly independent eigenvectors. Therefore, A
is diagonalizable.

(3) follows (2), since the dimension of the eigenspace for each A; equals the
multiplicity of k. (1) will be proved in the next section. m

Example 18 Calculate all the eigenvalues and eigenvectors of A = Ll) ﬂ .

Prove that A is not diagonalizable.

The characteristic polynomial p(A) of a matrix A with real entries has real
coefficients. It does not always factor into linear factors. Sometimes, p(A) =
(A=XA1)™ (A=X2)™2 -+ - (A= Ak)™ has (non-real) complex roots. But the complex
roots occur in conjugate pairs.

cos¢p sing
—sing cos¢
2(cos )X\ + 1. The two roots are the conjugate pair A\ = cos ¢ + /1 — cos? @i,
A2 = cos ¢ — /1 — cos? gpi. When cos ¢ # 0, these are complex eigenvalues.

Example 19 Let A = { } . The characteristic polynomial is \* —

3 Eigenvectors and linear transformations

Lemma 20 Let f:V — V be a linear transformation and By, Bs be two bases
of V. The representation matrices A1, As of f with respect to By, By are similar.

Proof. Suppose that By = {b1,ba, - , by}, Ba = {0}, b5, , b, }. According to
the definition, we have

f(x') = [blﬁbQ’ e 7bn][f('r)]31 = [ /17 /27 e vb;;”f(x)]Bz
[f(@)B, = Ailz]s,, [f(2)]B, = Asz]s,.
Therefore,
[btha T 7bn]A1 [x]Bl = [b/17 127 T ﬂb;z]AQ[x]Bz'
Let P be the transition matrix from By to Bg, i.e. Plx]p, = [z]p,. Choose
x = by, bh, -, bl to get that
P[[b/l]Bu [b,2]31>' ) [b’II’L]Bl] = I,
[bla b2v T abn]Al[[b/l]Bn [b/2]317 ) [b;L]BJ = [b/la b/27 T vb;L]AQ'
Note that [bla an e 7bn][[b,1]317 [bl2]B1v R [b;l]Bl} = [bllv bIZa e 7b;L] Thereforea
we have
PA P! = A,.
[



Corollary 21 Let f : V — V be a linear transformation. The eigenvalue of (a
representation matriz of ) f does not dependent on the choice of bases.

The following is part (1) of Theorem 17.

Corollary 22 Let A be an eigenvalue of a matrix A, x, and V) the eigenspace
corresponding to A. Then the geometric multiplicity dim Vy < the algebraic mul-
tiplicity of A.

Proof. Suppose that dimVy = p and choose a basis {v1,ve, -+ ,vp} of Vi.
Extend the basis to be a basis S = {vq,v2, -+ ,vp, -+ ,v,} of R". Let A’ be the
representation matrix of the linear transformation A : R™ — R", x — Ax, with
respect to the basis S. In other words, A'[z]s = [Az]s for any vector x € R™.
Since Av; = Av; for ¢ < p, the matrix

;M Ch
v=[¢ &l

where Cp,C5 are submatrices of appropriate sizes. Note that A and A’ are
similar by the previous lemma and the characteristic polynomial of A’ and A
are same, which is

det(A' — zI,,) = (z — A\)Pp1(z).

Here p1(z) is the characteristic polynomial of Cy. Therefore, dim V) = p < the
algebraic multiplicity of A\. m



Lecture 6: Canonical forms and decompositions

Shengkui Ye
November 29, 2022

1 Jordan canonical forms for complex matrices

A matrix A is called nilpotent if A¥ = 0 for some positive integer k. The Jordan
block is an upper triangular matrix of the form

d 1 0
S| @0
1
d

The direct sum (or block sum) of two matrix A, B is a block diagonal matrix
A 0
ol
Lemma 1 LetV be a finite-dimensional vector space and f : V — V be a linear
map. There exist subspaces V1, Vo <V such that
NV=Vi@W (ie. V=Vi+Va and V1 NV3=0);
2) f(Vi) = V1 and flv, is invertible.

3) f(Va) < Va, and there is an integer k such that f*(z) =0 for any x € Vs
(i.e. fl|v, is nilpotent).

Proof. For each integer i, note that the kernels satisfy ker ¢ < ker f*+!. Since
V is finite-dimensional, there is a smallest integer k such that ker f* = ker f&+1.
Actually, ker f* = ker f**! for any integer [ > 0 as the following. For any z €
ker f**!1 we have 0 = fF*i(z) = fFH1+=1(2) implying f'=!(z) € ker fF+! =
ker f* and f¥+'=1(z) = 0. Repeat the argument to get 0 = f*+i=1(z) = ... =
7).

Note that any x € ker f¥* N Im f* has x = f*(y), f*(x) = 0 for some y € V.
This means that f*(f*(y)) = 0 and y € ker f**% = ker f*. Therefore, 0 =
f¥(y) = z. By the generalized rank theorem dimV = dimker f* + dimIm f*,
we know that V' = ker f + Im f*. This finishes the proof of 1) with V5 = ker f*
and V; = Im f*.

It’s obvious that f(V;) < Vi, f(Va) < Va. For any x € Va, we have f*(x) = 0.
In order to prove f|y, is invertible, it is enough to prove f|y, is injective since V5



is of finite dimension. For any z € Im f* satisfying f(z) = 0, we have z = f*(y)
for some y and f*+1(y) = 0. This means y € ker f**1 = ker f* and thus z = 0.
The injectivity of fl|y, is proved. m

Lemma 2 For a nilpotent matriz Ay, xn, the sum I+ A is conjugate to a direct
sum of Jordan blocks with 1s along the diagonal.

Proof. We prove that V = F™ has a basis
k-1 ka—1 ks—1
{a1,Aay, ..., A" ay, a9, Aag, ..., A" “as,...,as,...,Aag, ..., A as}

satisfying A% a; = 0 for each 4, which implies that the representation matrix of
I + A with respect to this basis is a direct sum of Jordan blocks with 1 along
the diagonal. The proof is based on the induction of dim V. When dimV = 1,
choose 0 # v € V. Suppose that Av = Av. Then AFv = My =0 and thus A = 0.
Suppose that the case is proved for vector spaces of dimension k& < n. Note that
the subspace AV # V (otherwise, AV = V implies A¥V = AF~1V =V = 0).
By induction, the subspace AV (noting that A(AV) C AV) has a basis

S ={a1,Aay,..., A" tay, ay, Aay, ..., A Lay, o ag, ..., Aa,, ..., AP la)
Choose b; € V satisfying A(b;) = a;. Then A maps the set
S' = {b1, Aby = ay,..., A" b = A Yay by, Abo, ... A¥2bo by, ..., Ab,, ..., AFb,}

to the basis S. This implies that the set S’ is linearly independent (Other-

. s kj—1 ; . . .
wise, > (@b + 3220 zjA'a;) = 0 for some nonzero z;, which implies

kj—1 ; kj—1 ;
AT (b + 302 xjiAlay)) = 320 (w505 + >0, 25iA" ay) = 0, a con-
tradiction to the fact that S is a basis). Extend this set S’ to be a V's basis

S" = {by, Aby, ..., A1 by, by, Aby, ..., AR2by by, ... Abs, ..., AR by b1, ... by}

Note that Ab; =0 for i > s+ 1 and A¥*H1p, = A*iq; =0 for each i < s. m

Theorem 3 (Jordan canonical form) Any complex matriz A,x, is conjugate
to a direct sum of Jordan blocks, where the diagonal entries are eigenvalues.

Proof. Consider the linear map A : C* — C". Over the field C of complex
numbers, we have det(A — AI,) = (=1)"(A = A)™ (A = A2)™2 -+ (A = A\p)™, a
product of distinct eigenvalues A1, ..., A\g. View f = A — A\{I,, as a linear map
C"™ — C". Lemma 1 implies that C* = V; @ Vi, where f|y, is nilpotent and
flv, is invertible. Since the eigenspace Vy, = ker(A — A1 1,,) < Vi, we see that
dim V4 > 0. Lemma 2 implies that (A— X1, +1,)]|v, is conjugate to a direct sum
of Jordan blocks with 1s along the diagonal. This means that Aly, is conjugate
to a direct sum of Jordan blocks Jz\1,n1j~ Consider Aly, : Vi — Vi instead of
A :C" — C" and repeat the argument. Note that there are only k eigenvalues.
The proof will be finished in &k steps. m



Remark 4 The Jordan canonical form does not hold true for real matrices. For
cos¢p —sing
sing cos¢

Va5 in the proof of the previous theorem would be trivial.

example A = , ¢ # 0,7, has no real eigenvalues. The very first

Corollary 5 (Jordan-Chevalley decomposition) Any square matrix Anx, can
be written as

1) a sum A = S+ N, with S a diagonalizable matriz and N a nilpotent
matriz, satisfying SN = NS; and

2) a product A = SU, with S a diagonalizable matriz and N — I, a nilpotent
matriz, satisfying SU = US. Here U 1is called unipotent.

Proof. For a Jordan block Jg,let S =dly, N=Jgp—SandU =1+ N. m

For a polynomial p(z) = > i, a;2%, its matrix value is p(A) = a, A" + ... +
a1 A+ apl, = Z?:o a; A" € My (F) for a matrix Agyx with entries in a field
F.

Corollary 6 (Cayley—-Hamilton Theorem) Let A,xn be a square matriz and
p(z) = det(A — \I,,) its characteristic polynomial. We have p(A) = 0.

Proof. For any invertible matrix B, x,, note that (BAB~!)! = BA‘B~!
and thus p(BAB~!) = Bp(A)B~!. The Jordan canonical form implies that
BAB~! = D for some upper triangular matrix D (a direct sum of Jordan blocks)
and some invertible matrix B. It is enough to prove that p(D) = Bp(A)B~! = 0.
Suppose that p(z) = det(A — AI,,) = (=1)"IIL_; (A — \;)™ for distinct roots
AL, ..., ;. For each Jordan block J,, »,, we have J — \;I,,; a nilpotent matrix.
A direct calculation shows that (J — A;I,,)™ = 0. In the product p(B) =
(=)L, (A — N\ 1,)™, each factor (B — \;I,,)" has the corresponding n; x n;
block matrix zero. Therefore, p(B) =0. m

2 Real matrices

cos¢p —sing

. la
Example 7 Any 2 x 2 matriz [ sing  cos¢

b
r = +va? +b? and a suitable angle ¢.

_ab} s a product T { } , for

Lemma 8 Let A be any 2 X 2 matrixz with a complex eigenvalue X = a + bi

. ) cos¢p —sing . _
(b # 0). Then A is conjugate to r [sinqﬁ cosz,b] with 7 = Vdet A and a

suitable angle ¢.

Proof. Let v = Re+iIm (viewed as a complex vector) be an eigenvector of A,
where Re is the real part and Im is the imaginary part. Denote by o = Re —¢Im
the complex conjugate of v. Then Av = Av implies that

Av = \o.



Since eigenvectors corresponding to different eigenvalues are linearly indepen-
dent, we know that v and v are linearly independent. Since

[Re, Im] B 1} = [v,7],

we know that [Re,Im] are linearly independent. Note that ARe = a Re —bIm,
AIm = aIm +bRe. Therefore,

ARe,Im| = [Re,Im] [_“b ﬂ

5

:[m 0}

[Re, Im] ' A[Re, Im]

0 Va2 +b?

a b

\/(12ng2 Va24b?

[ — a :
‘/a2+b2 ‘/a2_‘_b2

The proof is finished by taking r = v/a? + b2 and ¢ = arccos \/‘;W [

a b

Theorem 9 Let A = [c } be a 2 x 2 real matriz. Then A is conjugate to

d
1) a diagonal matriz; or

2) an upper triangular matriz [E)\ }\] or

3) a multiple of an rotation matriz r |:C9S¢ e ¢] with 1 = vdet A and
sing coso

a suitable angle ¢.

Proof. Consider the characteristic polynomial det(A — A5) = A\* — tr(A)\ +
det(A). When A = tr(A)? — 4det(A) > 0, there are two distinct eigenvalues
and A is diagonalizable. When A = tr(A4)? — 4det(A) = 0, there is only one
eigenvalue A\. If dim V), = 2, we know that A is diagonalizable. Otherwise,
dimVy = 1. Suppose that Av = v for some v # 0 and {v,w} is a basis of
R?. The representation matrix of A with respect to {v,w} is D = B ”;U\ for
some x # 0. But D — A5 is nilpotent. Lemma 2 implies that D is conjugate
to B i\] . When A = tr(A)? — 4det(A) < 0, there are two distinct complex

eigenvalues. The previous lemma proves 3).

Corollary 10 Let Asxo be a real matriz of det(A) = 1. Then A is conjugate to

. A0 11 . . |cos¢ —sing
either {0 ,1\} , or £ [O 1} or a rotation matrix [sin(b cos ¢ } .



