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FML lecture 4 :  Linear Rejvessfoq I
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FML  Llecture 5 : Lineaf Rearessmﬂ (cont'd)  Fixed Desiivl
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Feﬂ'tlﬂe /’I/\a’ms( : H = [ Hj (X )]

nxof
‘3-.-,'...,6( é/R ! (Wc? assume H“"',Hj aré /7‘ / ;'e'/ l/_i has fan d)
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Nk o
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Statistical Anqln sis of  least Square

We o{n‘sﬁvzguisk two  Frameworks , W SM/ ﬁenem/fzamn n neay r7ress;on

(2) " Randlom Des,‘gn" - We view (X;,Y
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drawn ‘\lcfom Unfnown O(Stribuﬁon P

5 lest time R(@) = 1,9[(3- @TH(X))QJ Tk a bt wore on fiis E

(X, )~ P
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(11) [:ixeo( Desi n v We view Mfw!: fea‘bufes X as j[)'xEOl

but outputs yz« st rendom

Ea. Coffee E(f)en'memt . Same  faristq / machmes

but Perhalos o(igerem‘ obseried  conds tions

[-ocus on Jixed desian  setfing .
i &

~—
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d A
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€, 0, €, are 3.3.9

V- '
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”s'jhd ! noi se a

-

= T
/_l\r/l\l/—,\_y/l\M 00 = Hw B,

, A R — rd
N Ke Ky T 7 X
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FML  lecture £ . [inear erressfon [Cont'o() . Statistica Ana/ysis

RecaP Jom L5 . data ge iR

\

\
\

A -
H*® . %@wre vecetors

{4 = span( H, - Hd)

o« Geometiic View

X A
[ =HT®  solufion of 005

v Ge naralization

ermor of least Sauare {% Fred Desgn” gt o e i ranclom

¥ Random  Desgn (X,Y) ~ p

Todsg ) Anayze LS on Fired cesjpn sefting

(2) Re(jul atizoction]

. FiXEO{ De?‘ﬁ“ . X, Kn 'f"XGO{ 5. ):\IGIRMO{ is  rank d

= Rssumption. . fabels {§;} ace jenerafea( according o

- T
Sordzin, fi= HOG B + &0 . £ g0 ae dqd. RV
—Vv g A~ ,
tsignal " noise with  ELE] =0, Var(¢) = ¢°>0
\Jector Notatim . Y = }/-\IT@ t ¢ ®) é’RA s is what we need to - S
}}4 * * yure owt (ﬂus s fhe unofef//;'r? Sfmcvure)

/I\I/I\I/I\J/J\M L0 =H(;()T@* Che *"‘52 ambfjuous: Hw do we defermine whether -the deviation, s
beause Uf fhe [ack of pafameters  or  the

} 1 4 . —— 4 >4 ‘
N K g T o X random foses (ou( ASS“MP'{?'OV\)

[a :
Strovﬁer Assumf'hom . asume  Z. o~ /¢ H(Xi)T@*, ') (Gaussian Aoise)

-> Go (l( ; ESffm ate @* ( Gool /S Pammez‘e{s )

— — —— —
— — a—

-

~ — — e—

+ Risk DecomPoSiTioVk

Dt?\)c For MJ @ele, the jenefa/fza‘ﬁon el s |R(P) = T[

Y/lY-— }/1\@1[2 (A/Ofe; R 7s ANoT random)

Pm],‘ Undef the jineaf Wloa(e[ dssuMPTl'OVL , R(@) = 62 +t (@ - @*)T ,/(\ (@- @,\‘)

Rk, Ril) fakes minimum et p=8* OJD -

(unique)

of.  R®)= 7 E,Y-FA6I
podel | "\ 2
a%Sumr‘h'w\ =7 E, ,| HiHe- B)+ %I’

| 2 9 I
= W[. el + @, -8)' 3T (@x‘®)+2E2L<£’ ’:\”@*'@))]

V e

’ — n 2 A O
= nE[Z& [t -0 Rip,-p)  “EEL H@G.-00>
O

Next .  Evalyofe E’_:[,Q(@)] when @ is the OLS estimator
(frain :’n] data )

A

’ BiaS - Var’ance w(jom -4 an ranOtOM vectoy (
' FOS;‘hon J ' . .
. sl N t is random lecause Bos = N
Sps- that @ s a  Random Vector, for oample )=

A A
H\lj and g 'S ranolowt, )/-\| is fired
= 0,5, the OLS estimator

Then IE@[R(@)]==62+ IE[H]- 0.1, + E[I:@-&[@]n}]
J N v B
BQAQS Risk Bias Variance
Smaflest possible erof
that any method  sifers
Def 2 _ T A ’ 2 5
[| x,l? X K x ((dn parﬁcu/ar, [I’Kl[u = |Ix1| )

Pf' B\‘f] RD, R(®) = 6'2‘?(@_’@,4)1—}?(@—@*) (1)

also [(@_@*)T’K‘ (@—@*)] = 4_[(@;@[@‘}TE[@]-@*)TQ(@*E[@MEE[@]‘®*)7
B (ran dom) \ ) Bv(cowS‘favllf) . @V o R
_rCcl Tt | TA T A "
-E[07 K6, ] + E[6] R0, + [@éﬁ@ﬂp E 05 & 0]
H e Reme o
El6-el61]; %ol of% grg; y
——

AN 2 ! A ’ A 2
= ,,E[@)]—@*I’R +E ‘l@“fE[@]ll,\] (2)
. L K

"4
. Vv
BI Ql V :
anance

o)

Take EC) ot hoth sides of () and  use (2 , we comPlete the Proof

#
— Now [et's plyg ‘ D=t k474 ¥= H
Pq] m ouf  OLS  estmatoy . @— n K H y where 3‘ HB. + €
@:@OLQ il ll’\IT %
= K - (H@«t¢)
1A
=@ + WK "i\lTE

Therefore | '"[@] =0, ®

2
__; Bias TQWVL: [/ H_:[@]— @*l,k\ = D . [OLS 'S u.nbfaSed (}

|

: ] A Ao 2
— \/a(iance Term . [F ,( ® - E[ @] ,’4
u k -

- I A 2 2 0( /
5 b_[ll@—@*ll,\ =& - — (o k catd pet class )

0.2 Will replanzaton mags § piosed
Bi:. VYes!
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Ll'near’ Regfessfor’l ,

'Qecnf) from  last  week .

Regular isation

) Risk O]C am/ LS estimotor B in Hhe Jtixeci o(eciin

RB) =6+ (0-8:)"K (9-p,)

N\

2) When B s a andom  vector (eg @ @

ois )

“[R@Y] = ¢+ |E[B]- 0, 'I? + Eli@ - ee[@]l/;]
Bas - A7 L e
@oLS A n Os tK ,f = @oLS s unbiased

A . 2 v €T}:|\ ALA A ”}lTé
’[I’@“S @*',R‘] ) E[( ~)K K K (= )]
~ e TA A-| AT |
- n? 2':’ K_ H %] :'E [ETHQ] $or géfkn
I’IT[ -q* é,RYU(Vl
where T H(,’,"T,’_;) IS an or{'ho?ona[ Prcﬂ'ecﬁm onto |~ = Col (H)
l_ 2 2
— £ 1 2 é
1;) 2 ] _'LZ HE[E'ZE]_”_ZJ —n 22:6 Il 34 - n T}(TT)
{62’ =) == T (HHM'AT)
O, 1%, AP
2 ATA ~[ \NTA
= i\ Ir ((HTH) | HTH)
Vo
ﬂeﬂAr /ded 0(
stronge §° _ 2 a4
e = S T (Id) = 6% o
. ool
C[u‘ . av\anc E[ o _ A2 e i
Conclugion . Variance [ || © EE[@]’IR} = &% —
@ f/[ R(é\))] = 62 -+ 62' '-%- — excess rigk ) (7925 0 O as flf—l'oo
b ".’[nmm,pregsible " evror Lvariarce |
[No bias]
B1. Wht happens when naof  even n<d ?
& 2 WI’IDL't ha/),)ens beyono( -He :I:p'xeo( des?n Sef-f,/? ?
‘ ﬁtg ularisation
y /\AO'ﬁVafFOYL :
"\ :
= When n=d , the normal equations f{ @ - H T Y N equations
n N unknouns
. A\ .
ASSKWUflg K mverﬁ‘éle un{czue SOI(,{T(OVL @ WH‘LL enor é\(é\): 0

L

— When n< d is not inertible !

, K

We are memoﬁz,‘ry data ( which offen  includes noise )

[ under ~ deteymined )

\/erj Common reiirne ( jeme  expression,

}’l<<0()

+ Solution . Add  some “fricton " “cost” 4o us.'ni Jeatures

< Explain the lufa us:'nj cheaf)esf optiov|

&> Ocoam’s  Rozoy

®,
®,

®

Q: How to define a
Def. A

n‘dae regu/an'sqﬁon

Note. An alternative

usefy |

considers  the cost as [-nom. /[@1/2

is to considler e L'

notion  of cost 2

nooo
:29.2

1=

norm- 181, =5 |p;|

L this [(eads o

sparse  re J résSion.

Question: What is the esseatiaf dz{;fmce of cﬁauﬁfnﬂ -nom  + L'~ nom

« D Aa e Rea wlarisation

F mﬁu lap'sation Sﬂengﬂ\

A [
Ra@® = ml-fel +Dief . aso
= Minimize Ry(®) B .;T,‘g"z 2 H® +@ K@ )\@T®

VoR(®) =0 & -2 B9 +2K@ +240 =0

A A - nTo
= B, = [ k+)1,] L4

D New we obsene flat [K+x1,] s

This )5 leCauge

hence

Y (R+a3.) 9

hence

- Com/)are the generalisaﬁor\ erior of @\)\

K s Symmetric - postive  semi - delinite

T'/\/\

=Y Ky +)\[m/ >0

+ [:/K\H\Im]@ =0

e for X>0
, S0 5’W>O proal yeRr”

WO%,S ynver; bl

K+ )\, Is sg mmet ¢ ))Dsiﬁue Jef’hife.

J[/r\)(@)\)] = 67t

AOy (K+ I k6,

%Tr[l?z(/@ )\I.,)'Q]

Bias

Term N

Term

\/aviance

Q: Is e variance e a/ways edwed 2  Hw Sl we choe N 2

n ‘Hie ﬁxeo{ 0[@77\ seﬁ‘fng ) @'near rVIOO(GI gi: HUG;F@* ""éi

A, B squared or Sme
Tr(AB) = Jr (B4)

generalized.  codition
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[TA] Sol Ving Afovma E4 uations

o Jterative A/\E‘tl'loo(

- SuD
* QR Decomposiﬁve

. Cko[eskg DeooMPosiﬁovL

— Linear

/Qegression
X6=Y

X er™ Y e R
n: of samples

o # of feasures

(L>0L (ofkerwise no ertor )

670@[ ;

MNorma

— Tterative  Alethod
R=JXe-yi* <R
= (XB-Y) (Xe-¥)
VeR = 2X (x¢-Y) <R

. Grdient  Descent .

for vtzo, @, < & -1 GR(E)

=6 - 2T(XemY)

/ Jéeammi vate

Advanfage .
0, PaSJ t0 understang and P'emenf

® gca/ab/e_ (Sﬁochasﬁc Gradient /(/Lefhoo()

Di saofucmfage :

Q) m;‘glﬂc b  sdow to covlvexje

Hessian - g [ O ’/3\) =2X X € /ROM

ani M N 6764’1\/67/% of XTX A 0 S Posg;ble
[make a5 n(h), Adeptve  Gradent Deert. |

— SVD . S:’ngular Value Oecow?osiﬁon
DeCom[POSQ 0('13 matrix ,@S = (J 2 \/T a lR"xd Whel’e

Change X < A
AA)yx = Ab
A= 0ZVT
= VL2V % = vAU )
2 A= VET

where <) T pseuo(a - wese  (Search)

Aolvantaﬁe : T
maxe (X X
O Hondle ill- conditioned Problewt : A ‘
A.Mivl U(TK)
Disao(van’fage :

0, afensive com/)um’tfon

QR - o(eoomrosi’rim ;

DQCOMPOSE anz A= QR € IRHXO{

Q : or{-kogona( mecttix /RW(

R upper ﬁ"ang/e R dxd

E@ uation

b= e 03
= (X)X} € R
< (X'x)p= X'y e R*

OY-tJnOgOV\al
__—\ —

/\

Ué/an, l/é)/QdXD( |

(vecfanjular) dfaﬁona/ matrix




10/1 FOML 9

Tuesday, October 1, 2024 2:04 PM

FML lectule C?; Pr{y\c(P’eS O)C Su}?evv«'seo( Z_edVVlM},

Reminde(; Of{ice Hours ( Joan)  tmr. Wed @ 2 p.m. (612 CDs )

TOdaa ’ — from ‘Fn‘xeo( W random  olesign

— Main  elements of S&t’)erviseo( [eammi

Limitatons oy Fixed  olesion . We need Predict outsiole fra:'m‘? set

({:‘near)
andom D@SiZVl : Tlfan'ninﬁ {7(1} 73.d -}wm P
EL#:]=
yi = H(/('z)T@* t 2‘2 , é,- 114 , ,{ [2] 0
65[27'2]: &>
But Mow  we  ewlyate it on a new  point X ~ P ( 1
/ e inaep. oj: {;( |
any f 7}75")

Vv
Gien ” Dek? () =E,,[(H(7x)r@-3fj

= Eé,i[("’mf(@-@n—z)z]
L> main olffjrerence w.r.t. :;L}xeo[ desi n

2
= & +

X [(@‘@%)T Hix) Ho)' (@ - @*)]

= ¢ T ) !
ST OB E A ] (0-8,) | ge i

N
= ¢ + /I@-@,(/ K €Rr™

2
I
K

— Tle onfﬂ ofifference wrf. fixed a(ea'jn s that  we  have K insted d of //<\

Klj H oo H(;()T P(;{)d?( (Oo'lﬁnuoug Version QF /’(\ )

\ A\
= Now we view K a5 the sample version of K

[et’ v [ -A . g ATy A~ AT
> M Puj ® ®0Ls_K nj 2@*+k'f%

Rmk. We can r’nf?fChWﬁe EL] &% Tr()

2 1 - W A A
= &1 pa f[Tr(ézT)]' : Tr(HK"KQ-Ip,Tﬂ o ey are loth  Lnear
— ~ »
s Tr( /?TQ KK
AHK KK )
nK

— We nedd o understard Hhe  inverse of a rancbm  matriy K

This rewres Joods from .QCMOIOWL Matrix Ttlevy
Q: Does rejularisqﬁon sﬁ/{ make gense mnolom dggf n Seﬁ('ylﬁ/

-\

AR: Y, as K rm’ah‘ be [)oorlz - conditioned  ond  we  shoulyf 77u/aw'ze ol Hat

Main  Results we have seen .

4\; : ®OLS “best”  mode[ that fits  olatq

. HOW o QAS90SS moa(e( owtsfale +ram .‘%,
.

Now [ef's 0(65(: ribhe ﬁenef Ql /)/'c ture

—  Model Jor ata - qu'm'rg data, N i,z'.o{. SamFles

(7(1‘, i stn, . "
{ ’ %)}zq,...,,. drawn  from  yukunown Olrsfrbu‘hofl P n \x X 5L
X &

S‘h’on? ASSuMP‘(‘iorL; Same 0{[5-tribu-h‘gyl as Tm"ﬂf”li dam
_ T
st data (7 Y)~ P ;nde/aeno{enf of ffm,'n,'ni

(wken test ot"'sﬁibm‘r'ot’l Pfeg.(. a /?Hafn , we have offf]feren—t Problem : ‘ITQVIS;fer «,@eam |?>

= loss fundtion a4 Foction L. Y x Y — R
that  measures  agreement hefween  twe ol ))fedfctpo( Lobed
Ex; ”((y'y,) = (y”yl)z (LS regressfon)
M,y’) = ig,ﬁf (C/assificzmm)

— Now , given afiy maflb""j jc X ‘%é’( ,
its (?XfeCf?d 'fuure) Performance 1S

R (_j:) - gj(—f(yf)) 5)} (PoFKlaﬁon ns kK / genem/iza'ﬁon GWOF)

xy~

Ev. R(®) = E[(H(K)T@-g)zj ( feast Spuare in random Sef‘hy)

Rk . Alow evevzﬂm’ng 5 on

q fanolom 0[687;1

> From PquIaﬁm sk, we can define  the optimum P““’("CfO(-.

Jc* = argmin R ()
Ve

Ls Recall i /s ety Jo = Ep[¥]X=x] lec.3)

Ls £ s the Ba]es Predictor| |, R* = R(£,) is clled Bages  Risk /" Bages  Risk

Lﬁ We can have /Q*>O " jenem( (R*=62 in  the j«'near mOdel)

‘ BQJQS Risk is uncttaimable n jenem[

— At [easf two reqson§ .

() It requires /(nowlealje of datq disttibution P/

2) f* mfjkl‘ be arbr"lun'lﬁ cmz] Functon — hal o  ewen aW!oxfmafe/
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FML Llecture (0 : FElements of SL

Recall . F: X — Y

iﬂPMf ow[—?uf
R($) \(X,S(E) Q[j (T, ' J )J & bpuloction.  Risk-
= (§%, R™)

arg min R min R

Bcﬁes Predictor /Risk.

«They  deperl o popufatio
s Unfrq(:ﬁcal IO ppekton
'ﬂ‘ej can  be afbifarig Cnm’)k’(

Instead in SL, we focus our affenton on @ hmoofhes.s Class

{f (X) = 64(‘1) -6, (WX )) , Qe@z-{w“”_

L [ave(s

wL}} c ) dm}f =1

— Now we can  considler the best freolicfw in  F

a—

£ = arjmin Rct)
fe J-

nt R(f)- R* >0 measwes how accurate the A mefhesfs space s for our /)reolfcﬁon task

eF A pproximaction Error /RisK

— It is sl im’oossib/e to fd F(P unKnown )

— Insteao(, we can  consider mfm'mizing, the EmFih'cct/ Risk| .

= 'Ln 2{'» f(fl?Cz'), Ys ) where (7(1,% ) 1‘ld

1=

S,‘nce {(7(-, , %z-)j;l 1S aQ Ranolom SamP[e ,

R

IS Q Rﬂ "10(0"'1 F unction (

Ql: What is the mean of ,2/2\(3[) Jor anz 5 2

A: E[ﬁ(f)] = EH;V" f(‘ﬁ&')zyi)]

N\

Cxi/:j‘l) 1/1\/dP

e., R is an  unbiased estimator of R

\ VA Y Y

- Sz, L5000, §0) ] e aad RV

n
R=R() = 128, wee EE= R(F).
=1

Var(Z) = 6

EP [}((f(xi) , Y )} =

(n Icuge)

under  mild  moment assumptions the samfle mean IS asym}ﬁwrical/y normal

CcLT] . Jj (Ref) -R(f)) 4, M. 1)

¥

—  Jor far?e n and Fixed jC R(f)-

prob. of  being ¢
~ Zager than

i) © £

1S €xl)onentia//y Sma/[ef

L can  be  Jormylized in e "non—asﬂm))torﬁc SEﬁr'n] qsiqg Concentration Ine?aal,-fy

v
¢ Finite n)

%: arjmm ;/2\(30) Em[)f(:’co(/ RisK Minimization (ER/\/()

L, Lok for }WDWS@ in our class  that best Fits e ﬂqim‘ni dlatar

L> /\[OW; we  have ﬂ?CIMC@D{ «éQde‘ﬂ

o SO/V[I? an o[)ﬁm/'zaﬁm/\ frob lem

Q: How *o  contro] +he 1%&//‘? of ERM 2

je., control 3enera//‘zaﬁon_ ?QF Q[f)_ p¥

P aw F. RSIs ReFr+ (RY) - R))

So, if we want [HS 4o ke smal. we

{ Rf) <mall |, and
R(T) -)/Q\(’f) alsco  small

ERM s o{esfdneo( to  minimize R ()

[f‘am'tblogg]

can hD)De" +0 have .

then what abot RE - R

. [@g Observatfion . fhere ) an  inherent tension between  the two  terms

T< ERM

)3 (o?)-. o(ecreases as gets bwer
but

A

R(:/F) - ﬁ(‘f) V}’liakt mcreqse  as

DeComFOSih'o/L of }2"5/(:

-

cm

Consigler ?WWL /2 (T) EQ/\/\)
Fef

)Q(ga) - R = /2(3‘\) — inf Ry + inT R(f) - R*
eF feF

; —

Vv

F jefs b/'ﬁﬁef

estimation errof

= R(T) "}%\(;‘\3 + ﬁ(:f\) - RE) 4+ €a

_r

ga=qPP10K:'mafc'on exfor

fe R

\

Felfe XY 060

Ex. J;= {fem =H®)' O, 96@:)/20[, xe \ = /QO(} c (/= faf IR - /K} ( Linear hﬂm‘he@'s class ) , dim F, = d

, Where < = arﬁm{n R ()

< R(F) - a(f>+ 13(:5) - R(?HEA, S R

<

) < R(F) bJ dlef 05

/R(f% RP| + [ &(Fy- R(f)} t€a . by o me?ua/n}/

2 Sup [R(vc) Q(f)[ t Eq
FeF
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FML  lectwe 11 . DecomPos;ﬁon of  Risk

Reeap - RUF)  Bqectd isk - = E, [0, )]

RG) - Em,?iﬁw(( Risk - = ‘r{'é[(f(X),y)

—[Rd:)} _ R(:F’ (a s an W\biﬂ(&@&( estimator Uj: R)

o [RY - RAY| ~ i 5 = orgmin R (§)
m .
fe R Empioal Rk Minimizatin

v
hypothesis - class

L T () i\
ML Tomtology ™ . for vf  Rdy= Rify 4 (Reh) - Refy )
-
“under ontro| " estimation

§ Decomlmsﬁion o Kisk

Consider -? = aYZMI."l ?K\(‘f)
JeF Bayes Risk.

. /
Goa| . Contvol excess risk R(tf) — ,Q*

|

R(S‘\) - R R(S‘\) - nf RFy + int R(f) - p*

- EFGJ: ) e F
estimation error Ea=appro ""'";‘r‘;“ e:fov'
=R -Riby + RSy - RE) + g4, where § - argmn R (y)
A A fej:
< RE-RE)+ ReAY - rF) + €4 ne R(P) < B(F) b def of §

¢ = Statistical error

“ Ple of Thumb

U}

— Smal|

hﬂoﬂ\eﬂs §IDaCG J . €4 dominates over Ce

/

—> Large h}jPDﬂ'QS'S s';ace = ¢ dominates over ¢

—_— . , ‘
Instance  of  pigs — variance decoM)DOSiffor'\ of  visk

tA Se

Im[mr{ani Pemork .
Z¢ is an uﬂ)er bound. of the estmation  error

—> Upper Bound s pesyimistic

X3
Q: How dees 5 tehawve as a  Functipn of “size” of E ond SPLC of J(ml'ninj et n ?

£s = 54 [Rd)- Refy| ( Uniform )
Je

Reca/l ‘H\Ult 5@{0(‘9/ WC mea,gu(eo(/ JqMC'tML{‘fc'OVlS a_(_ an f é—):- :
A 65 |
, R@) - R(f), ~ ( Poindwise )

¥ To aef the  main idea  consider idealizef sei‘ﬁ?

1y F =48, f. Y is a fute get of M hypothesis

(1) R(fi) (e .'M[EP. Gasssian, ~ R.\/s with  mean R(Jti) andl  Vana® 6

max  R(fi) - R,

i: ’)”‘/n

Tl\er\ A= ﬁ(aci)- )Q(j:-i) ~ Mo, 62) o qid

Now E max g; ~ 1267 1o m
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FML  lecture 12 - Sttistical Ecor in S/

—

N

Reaal :  § = agmin Ry Er
fG\F . ~
£a = inf R(§)- R
R($)Y- R* < 26, + Ea  with feF
¢s=sup | RE)- R |
TeF

- Na{qm( [ension / Trade- OH between aPPY ok imaton £ stafistical  error

a4 ¥ as F Jr’OWS , while & j\ as JF 3(0\4/5

QTO : A 2
understand Zs , e need o mive  from point wise  boun /R(f)~ R(f)l«.,\Enf— to cu\iJCorm bvuno(

= Gimplified  Settings

W F=5f, . fM} Tinite  oliscrete hmovfhes;s class

®) RG:) ~ N (RAEsY, 62) , di=1, -~ m

S

3

Q: F max ()(Z\(JC{)“R(]Ci)) 4
=0, M

Too[s
@ Jensen’s Tnequality . & s omex , fhen  (EX) = EFX)

Convexsf]: 7\/ for vxy, FUY) sf) + < g, J-x> [Q"“’“V APproximation of T ot 7‘]

D

. ’ f:leelQ
Then QP}'){J X bj EX 0 have : HEX) < chﬂ)"<vJL(EX), g‘ EX s

Tk €LJ on bt sdes,  FEX) S B9 flen dhoose y b be X

(b) Moment C:zenemfmj Functin

2.2

t
T — E[etxjre’?é' Jof 7(~A/(o,62)

let Zi = R(F) - RF) . 50 Zi~ NI(0E)

—

O = maX(Zr, T, Zn)

We went &
et tro, E[Z]- E[74le'?)] (ﬁg%’s—i ﬂoj(ﬁ-[e@]) - % ﬁ‘ﬁ@f["”“"ff& })
OnCive) el

Pecapz I_Z—, < 575(%) Jor all >0

= ‘ JogM 4% -
0 s < = — = 2
o EZ fmgﬁ pit) = 2 [N | Lam

—> Px]CQ To ])a(«J (at  most) Jor unifovm deviafons ngoa,v\

— In fact, we can shw (much hader ) a [lover bowd| of e fom

C- Jﬂo n. 6? W[ten Zu"‘ /ZM are ii'd'

— 72(.}) - R() ~ Mo, %}) +herefore EE[ nax (E(fhk(f))] 5J562 EWX.

n

— Keg S'('QP: RQP’GC? -ﬂ,e max IQJ -[-he Sum (/nf\ﬂ/l. bOMhO(

—> (: How about fnffm"fe }W?m“lesls Space ¢
e.a. J = {UC(?C) =Hx)'® |, @élRO{ ?

J—fl'tql.flfon. : \}:
Grid. the h] yoﬂl e5(S s]hce

Recap . R(S\C) - pt < inf RfY- R+ 2 Sup //3(36)- R(f)}
JeF fe F

4

o Ve 7

Stafistical . JZIF]
n

v—
a/o)or oX .

(otf? o a Conﬁ‘fan't)

Question :

1) When s the uﬂaer houndl oorrecﬂﬂ Caftur MY the erofeoff between aﬂ)mxim ation L estimation

2) Estimafe the cluanﬁ‘h'@g m /)YaCﬁ(;e

3) How o Q)q’\icfenﬂj adjus’t the “sye’ of J 4o

balance  eriors 2

Answer :

(Y Upper bounds  will e jeneraﬂj pessimis fic

6 ol
n

Exceptions . Sometimes we  can olirecﬂy anqlovtze the deueralizqﬁon P RS- RiFy = (in the Fixed desgm of 0.5)

(2)  Cyoss - \/alio(aﬁ'm ‘

In ’aracT[ce . we ﬁ the ovailable odhta o fwo buckets

Traini% Set . T = {(Xi'jz‘)}.
1=, n
Valiola‘tiovl Set - ’\f = {(7&". gi')

i=f;'-',m

SRM (g T) e agmia R ()
Telf

Goal . Estimafe R(-/f\) ~ R*

= Recal| et Pr each Fuxed £ RH) is on unbigsed estimator of  R(F)
Wf\g si't }/2\(3‘) o goool  estimator o] R(;C) ?

Because N Olepeﬂds on mnolomnesg n T Can  not  treat ]? as  fixed

+ Define  another  estimator ;Q\(-f) = 7V1L % f({(f{i/) /yi/)
J=1

Still  have that E,R = R and ﬁ(ffy\) s an unhigsed  eStimator of RI St\)

N

NQ\U[' C{OSS ; 50 — T n L
}R (_-H R(f)’ M — te 20 ojt validation set
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FIML  lectwe 13 : Universal A)oyrox('maﬁon

—

—

Next Tiesdays Class. Flofentn Gath  Guest

OJ‘:FICQ Hours M/[ be ﬂwved 7o) Tinursdoj ‘

In  fhe Pasf lectutes , e  saw fhat  exces risk of ERM .

N\

R(F) - R 264 = min R - p*
Fef

(approximation eftor)

Q . Desfjn harofhesfs css J st £q is as smal as we want o
— let U = {f: X—=R., 7T is conﬁnuous}

L Asune  tht Bayee estimatoy 4% e 11

L> We now consider horm. N 'U‘ 3iver’L the Sufremum, uf jﬁé’U\, /]fl, = SKP /:F(?()}

e X
Ls Can we do ERIL on 1 df'mcflg 2

n

e ., Given {(7(-1  Yi )}i=l , {VZ'S [,2\ (f) = TqL 2 /31 - JC(Ki)}2

7= 1

No !  Because there is no conto| of statistical error on v

4p [RE) - Refy| = 4% B ay n ! T o

— S we ned o somehow "sf'm)oh'f] " the  univese

—

Reg\d arization  Perspective
C/ [

Consider @ set Ae U y Q-Z- A= {JC [0,1]0{—* /R Po/],,o,mql }
o
A-—{f: [0 1] = R, fw= W,_s(wt-,s(wb,,- é(“h?f))) Alueral  Aets of  depth [
S {JC(K) =H®'®, @e /Ra( } / inear QeiresstVL

— Now  we consider a  “cost’ measyre over A

Y: A —=R measun'ng how ex pensive s it 10 use a ﬁiu/en Ffeh
ex. A- {Polznomia[s} V(P = dejr’e@ of  p

A= f § MNuen| /Uefwwksj‘, Y(F) = & of paramcfers

A= {do= Ho'p, Ber' ], TE)= |0

— We cm now use 7 to desijr[ a hw‘)o‘l‘hesfs class .

for each §>0 Je = {fe,&.- U = S}

€4
: A\
— ., Hw does €4 lbehae a5 we increase § 2 \
When ca we have E£4—>0 aS §—> oo =

— a set ASL '\/ IS O(Gnse iJ[ ‘.FOF VJCEU and arzy g>o , fhere

edsts  Ge A st I£-gl<¢

—> \A)hen a Set A£V= C(X) 1S O(ense e Say that it ‘1(15 Hle u'lfve/sq[ aPme{maﬁon Pm)?er?

55 niversa| ApproXimaﬁOﬂ of P‘i’ﬂnomf'als

Consio[er’ a continwous jEMnC‘fion j: : [0, .1] — R

O—

For each m , we consider  the PO/Jnorm'al (d67 m)

A

P () = \'jé f(%)(?)%‘ithx)m'\j \Wﬁ /W

Theorem ( Weierstrass | earld 20th cezn‘ug )

fim })DC—PMI/ S SMim sup /ac(?f)-pm(m/ =D

M->o00 M- 00 ')(G[Oz IJ
So Po[gnomia/s have the the universq apploxirrla'ﬁon Prorer-%

P (BH Bemstein )

Fi)( ?(6[0, l] ) /_e{ le---, Zm be '?500{. Bemom-% R.V. O:f Paﬂl”lefe/ X

let W= 'r’W Z%Zj }:MW ~ Rinomial (m,x)J

j=1
We have (3 z : 5 (") m)
_ - ) _ . J -
@ oas 2 Pwek) = 3 ()0 u-n

- S my J J m-|

(1) EEW=1EZi=x=J,§(3)'nTK (I~ x)

_ Var(31) x (- X) z N[ _ae Vo) [ = x)™

(111) Var(W) = - m = m = 3:20(4 )(Wl 7C) K (1-%)

As JeClo1], we have

@ Jor ¥&>0, IS0 s+ );F(;n..f(g)lég whenever }x-g'sg (8 s ,‘ndef. of & uniform conﬁnuifj)

® & is bunda| . JE = sup [§o)] =M < o

W= Z[$@)-fw] (") deo™ T D[S fw] by
’ ’7{(*7([58 / }EJ) — - — ’ ’JT{"K”S l / J
b,; (1)

< & -Z. bm,j ) + a2M- Z bm,j (0

|5 %<8 3--x|>$

= ¢ P(lw-ew[<8) +2m- P(|W-EW|>$)

- 7 X(
< \/ar(Wl - (27() Cheb}shev
g2 mé
x-x) M
sé‘[’ 2M ﬁmgz S 6"' ng.z
' /M
SQ"HI" W= 2¢ 52 10 8€f I
S(A.P IP,N()* JC(K)I < 24 acor Vé>0 |
xX&[o]
Therefore  Dim ipm- | =0
m->o
##
Remask -
—> The Polﬂnomial we ltave useol here bm,j (A) = (3}1)7(3 “_x)m-j

e COLH eo[ Bems’(ein PO /jnomi al

— Theg are  not onimq/, in  the sonse haw"% smallest deﬁree

m o a Target erfor & (O’Dﬁmql aPProxima‘h'on n the  (miorm

norm is  obtained by Ckebishzv Po’]nomia[ S )
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FML  lectwre 15 . The Cuse of Dl’mensionodify
n (approx.)  (estimation )
IZechP . Excess Risk . R(F) - R* = Sa t Es
I N\
nf R -RF RGF) - inf RG)
Jef feF

B

Two parameters ﬁw‘din; this  error
—>n. # of mmm; Poi"d‘s

> . “sze” of hy p othesis space Fo= ‘fJCGJeF, T(:f)sgj

+. X—= R d=dim(X)
We saw -

(1) €4 —0 as S>>0 (Universal Approximortion )

(11) &s —0 (S 1 —> oo (reca// o < J@ﬂl::sl)

—  Supefvises| Zeam{ry works asﬁm)otoﬁcally "

750(112 - Practeal ospect (e, Jnite §.n) @

)Tey extio param eter . dimensipn o of /n/)ch Space

Ly Generic Phenomena - n. § need grow exPonenta//} in ol

Curse  of Dfmensionalhy [ Bellman 505 |

Two viﬁeneffes of CoD .

(1 APPYoximéu‘iM with Po[ynomia[s
Last week we saw  that Fo[ynomia/s have UA p

In =1, 3. [01] =R onti. | then Lim inf iF-p| =0

K-> o> poly ()

$o=1p:[o1] =R, polynomials  of degree K §

:s:jC feC' . then ing [\JC—PJ[ < ‘,L—
eR

P

In  other Words/ F we want & , we set o@vee of PDIJ’ ‘o e K‘-‘—é’

In d=21, 3 wntains pLr) = Nt Qe X 4 Ok, X% ¢+ Qe , AQE€ R"

Q: What hapens as  d olecreases 2

]

§o 1" — R . fec
ol .
Pe = {P" [o. 1] = R, p is a mulfivariate POlj. of d?- K }
e-?. 0L=2: K=3 . Kls , 76127(2 , 7C,Xz2 , 7(25
— Tt is act hard to check that F. 4 hs (AP in the class of smooth  functions ( lASiﬂaf 9-2- Stone - Wef"—'s‘fmss>

— We ako preserie the rmte of aP})rOxfma‘ﬁon : inf )I ¥- P'/ S "ki = we needl at feast Z, degree

o reach approX.  efrr ¢
Ls  How mcm] parameters oo we need o express Pa ?

S S Sdl ol
K Xa - X4 vhere  Si €AV, S;20 & K= ZS;
7= 1
. dtK-I dtK-1 | k>»d ol . -d
# of Fusable Choices - ( K = ( et ) X (5) =KK™ =¢

— Same s frug o we re’alace Fvlznvmfals b/ Meural — Mets

_d < “ "
— (S = & 1S  «a s.ynormre o:f Curse of Dfmensiona/i{]

Estimaf 1on. Qf COWH”WKS / /[ IFS chitz F unctions

S‘ag we want to  Lfean @ fvfjﬁf function jc*; [’-111]0(—é R

';S:rom emm}oles { U(z y yi '—'f(Xi )) }i-:l o under the assum/m‘fon
that ' s 1 - /pf/DSchich ; ['f*(Pc)-— JC*(K’)[ < I[?c-x’}[ 0 b x’

— A  natwa( estimator . this se‘cﬁnJ s  the  Mearest A/eiikbor estimator

A Fanolamenta
fx) = $5 (X))  where  4(x)= argmin lIx- x31) (nov\v)mmeﬂac)

i:J/"'/)’l estimator

Ly BExstence  of memdrization . andl exyloif S mootness prioy

Q). How wel poes  Mearest Ueizhbor do ?

= | S w0 S| = E, [$ () ~Fo] < B, | X, - d

Unitorme  Distribution s opﬁma( for the bower  bounol

I

C—

Tn this cowse , the exFecteo( erfor B £ d

£ To reach eror &, we heeol n~ g'd pofm‘s

& hiﬁh dimensional Spaces  are \/ey /foweg )ch{ces .’
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FML  Llecture i Optimizgtion in ML

ST —

RecaP 0 Dfar . = faows on Statistica| £ apf?roxima-h'm n S/l

—= e have viewed FRIN as a  black- box

ERM . min - 2 (fok), 4:) = RF)
fers 7

—> e neeo{ to resort to felative opfimizm‘fof/t methods

— We will Jocus on the tw? most imPon‘aH methads

(i) Gradient Degcent
() Stothastic  Gradent Descent

OPT;mi zafon Basics -

Consider g4 genetic optim zation. min F(®)
Ber?

© When can we (sdlvie  hs roblent effiderrflj 2

@ How ex])ensive ?

DQ}. ( Global  Minimizer )

A point & er* s q ﬁ/oba[ mnimize( | of

“———

A point B ert is a | beal minimizer| § g0 st. F(OF) < F@1 o

Remark . Global minimizet 1S o (much) eronjef }DWPSHJ tan  ocal minimizer

Q: How hard is to  sle a ( ﬁerren'c) oP*ﬁmizaTion. Prab/em (,'n hgﬂ o{imensfon) ?

— We oV\,lJ access the  function  via  Jocal  Queries

Tn (7er1em( ~ we need o grio( / ex,;lore all the domain 0 fmd the ﬁlgba( minimum.

— e neeo( an e;(}so nenfia[  number th Zuen'eS (Curse of olimellsiondlizg)

— Corﬁm% to the worst case , many t/})im( 3Iobal oﬁl'mizm‘im Ftoblems on be  solved bJ

breakmg hem. mto a .Sezqence of jocaé o/o-rimisxtion ,prob/ems

L> Eﬁ' N a,ufga,ﬁm_,

Given Some point @, , we am 4o Find  a nearbﬁ )oofnf B, st. F@y) < FG,)

How 1 find  such u}oo(m‘e >

(d‘ 1l Seftﬁ"j ) : A\F/‘/\ sign (F/(®o)) indicafes  whether to (70 beft / rfiht

F@,+t) = Fi@) + t- Fi®) +o(L)

0, g (T%[Dr Ex})u[sfon)
§ ft): = F@®, ttV)
®,

£, = <VF®), v >

S Bz B - £ sign (f'(o))- v

In Pafﬁadaf , Choosin N = - GF(®,) is he steepest descent  clirection  whenever  gF(@,) #0

In Parficu/ar, at Acal minimizers B , we must have VF®) =0 (necessara)

The set of poits G = {9, VF@) =0} are called e first - ordder Stertional / critical  points
GM = {®: @ i a global min ]

LM = {®: @i a leal min ]

GMc LM c C > Ma
U
Sadldle

o Gradient  Desent [ Cauchy 1847 )
(1) P/'Ckfr? an Miﬁﬂ[ JDOM‘LL o, EIRd.

(1) For each +=0,1,2.3, -

PiCk a Sfe/>~size \jf >0 (.eearm'ni rate ) and.  set

Ote = 6+ - yt 7 FB)
Remark . 10t} is a random sefuence £ oither F andfor 0, are  random

Ke}f @ueSﬁonf ,

—> When. Can we 30(.0."&":{388 that GD —j?mals the ﬁ/Oba[ Of?fimum @

How .@Mj do we need to mn it 7 How to adjust LR ?

— How o aﬁ)/g it 1 <olle BERM .

— Hw 40 sale it 10 Aarge Proble/ns ?

. GD succeeds whenewey GM =G
In Parficu/af . convex satiskies this )mfer%
. We onlj need to0 show that C € GM if F convex

Recall F comex . dor VO. Vae[o1], F(('~d)9*+ot9)s (1-oty FE) +o FH)

& F0)= Fo')+ 5 F0-a)6* +a6) ~F(9*))

Let gét) = F(9*+ f(e-g*))

g(a)~ geo)
ok

Fw) = Fe*) +

Jld)-390) ~ ~
Mean~ Vol Thm ~3q e 0.d) st — =f5) = <TF(*+a(0-0"), 0- 6% >

Bﬂ sending & — o,

Fo) = F(Q#)Jr <VF(9%), 9*9*>

So, Fory=Fw©@) Jor al ¢ Q*QG = g e GM

B

= i FO)<F(®) f voer

Be B (0"
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FML  Lecture [} : Optimiation IL

—

RecaP-. - OP-ﬁmizaﬁon in  worst case . 10O hard  (in hijh-dim)

- Agproach. [se  docal  olescent method, iferaﬁvey
C=16; v'Fce):oj
LA = '{9,’ O 135 a Local  minimum Qf ,:.}
GM= {6, FO)<FIE) fr vo' |
Qenericalla , C ar the €‘ZW'/"5W"1 /?ofnts of jmo[?ent descent

LM are +the stable eZwi[ibrium Poinfs

__-,Thefe is a class af jFL(I‘ICﬁOY[§ where C-= GM : G’"VCX /E(A/IC'('I'D/IS

Remark. There are other Functons F st C= GM

A 500d examPle: (couagi'oonvex but ot com\ieK)
(%) quasi - conveX  Junctions

l: S't 1ts -ée(/e(: sets S}\ = {9/ F(Q) S )_.} are conex :g){ o\ ) .\///

- I5 F s quasi = convex then G will Snd o j/oba/ qm‘/mﬂt g

¥ AsX , thn S, <8,

#) F with o Po[]ak - [ova\jcfevice (PL) inezaa/izy:
I9F®) > a [Fo) - Fieh )’

GD will  Find ﬂ/olml optima

($% %) F with distrete sﬂmmefn‘es ,

FCTk0) = FO) . vo . {To. T ] 5 o famify of mnform

E&. © - pammeters of o Abwnl ANetwork

/; Single - hidden  ainy
9:{'W\,0L} ; JC(X;@):QT‘ E(WX) X[’W\ \

: £(x)
WNeR™ , ack” \/

Ins jh’rs Lrom 2uaolrm°/c Lunctions

-

F©) = Z[E,l [“19‘3112 (ordinm'y Least sguare )

d 2
OeR . OF©) = #H (Ho-§) = kO -aH¢ | O FiO)=K
HG ,Rnxd
%6 lRV\ . RECQ“. -H\a:t 9% rsS a GM lf‘f VF(Q%) -0 (/\/ovmal EZuaﬁbns)
KO* = ;'rHTy

' ‘: 851%&[’5 IS 2nd—oroter _ﬁZ][Or’ /QP})YOXI'MQTI'M (S\'YICE F ZQQd'uﬁc’)

O
~A—

co) = FO") + < VF(6%) ,9-p"> + Lce- ") TF18010-0")
= Fg) + w®- 00K (8-6")
—> RQ(’Q[( 'H'lat )< (S Sjmmefﬁc /?90[ , ;‘.Q./ K ha,s eigenVa/ues >\1’“.’)\0l W‘lefe Ai;()

. « L
— Degine g=min(hi) , L=ma(Ni), P= =1 Coditon Mumber of K

—> Gradient  Descert  with  fixed Sl‘e/% S2e \7>0 Q nitial [79"”1' G,
9_[:_” = 9{. - OVF(Q'L')

= Ot -j(KQf-F""/rj)

as _LHT :KQ*
= 0¢ - DK (6¢ - &) S /

= O - 6" = [I’ﬂk](Qt- 6")

sal
= [I-9K] (6.~ p%)

\——\/\—‘

A
— Now we can track progress of  GD .
F ﬂ (not vell defined s non-unigue 9%)

100" = (9, - 0*)TA™ (6, - ") (Themte Comvergence)

2

— Fo - £6") =3fig-0" (:(Qt—e”)TK(ef—rs’*))
=3(05 -0")" AT KA* (Bo- &)
i ¥ T .2t -
=2(0.-9) AT K (6, -9")

Recall that K  has eigem/alues m [, [_]

Ly [et wus ’fifgf assume '[‘\'\r&t 0F um’zue S (U >0

R: Whot are the  egeqvalues oF A ?
d
eraenvaju‘es OS K : {)\_‘i 3;‘:1 —> { [- j)\z }il : el‘ \/a}ues 3} A = I_ ﬁK

. 2t A 2
(matvix  caleulys ) <> { (1-7\i) J‘}i___l : e.‘ieava/ues of A 1
— To Xuamn‘cee “that //Q't" 0" [|2 tn 0, we want ’l-g)n‘/<i of V=1,

I
EQ Pk )= T whee [ = max ),

el L] = e FRe [4 4]
= l‘jlié[o,l-%jc[o, )
!
Lo 1-¢"]
= [1a]" < (-7
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[ecture 1§ . Optimization (contd )

-

RecaP; Analgsis of GD on guadratic  functions F(9)=/IH9—\1,’2 = F&" + (9-6% " k(o- 6%
Axol
KeR GD . Opv = O+ ~ ) VF(O)

—> We cow (when K #0) . “ Ot - 9*’,2 < (l"P")Jc/’QO- 0%

A max (KL = L :(; })J SeTﬁ'lj J— X

Q ; Conoaif'iofl Aum ber of K - A
)\.mir\ (K) = M

Remark -
C) TtliS s what we caff a " Mineur cor\ve!jence (error dea:ys Q)?)onercf‘ia.lj UCQS‘t)

(2) The bounol 1- ’PL comes Jom. 'f"e <7De1a_for horm ojc A: T- j}(

- 2
= Ay chice of |ne (o, ) uanriee' exponentio Converfence

Ouestions :
0, O{ﬁ"malh?] of @D 2
@ What M[’P@"S whet =0 (in Parficula! when 0{>n>

Answerg .
© GD s MOT  optimum m,ﬁst a,(gorithfﬂs that M\J reg on ﬁmo{farts ( First - oer  pethodf )

Nestewy at  9os

(/s/? “Momentum” , one can ref)lace P bﬂ JQ— on oonueﬁmme
O U=0 = =+t = Previous  bound 5“#5 /I@-ﬁ - Q*II < Il 0, - Q*II

— Ruther thon ““Ck'? 6 -0, now we can tmack / Foe) - Fo*) }
. /
= Usig ogan 1=T , ad el Fo- FioY) = (.- 0%)I- )k 7K (6, - 0%)

2t
— Lefls aﬂam bowlot the e7enva/ues of (I - gK) K

L
A=2%1
a2t , L
)\ [ld K/L] /<,I°P < SM,F )\(,v)\/L)Z'l' _ ~ (l— [ )It _ L
hefo.r] " 1 2Tt 21t = 2tfd
(_‘,._ J — V‘ —
\]/{joo \I/'tfoo
(0, .y

Theredore ,  FO) - Fie*) <| — 1 B - %"

Pl

Cowe,rience but  much  Slower  than 4 >

Whe K o (w=0) , JI6e- 0% < (- 1" 2% [o.- o7

F(O4) - Fe*) < L (- P_l){ /} Do - 9*’/2

LN\ N\ e~
i L
Whea  #=0, FOry- F0*) < 5 |lo,- gt

In  other words ,  to  rach eror Zi we  need| é‘ T = ¢ “&ﬁ %) itesations </’L>O)

Remark -

—= We hwe shown that upper bowols  Jor He foss Convergerce o Ccetain rafe

L, This m% e pessimistic  in pactice |

Ls Contrast wHh © SCQII‘W lows ’  which ZOOKS at 7ﬂM( Qase

/ )’\waf\g move H\e()reﬁm[ S?J’nificcm(/e

Therefore i@ﬁ‘) }fé/ﬁf satisfies . Q4 ) == vF(Oct))  which is  calle Gradient  How

— At sma j ., GD is a fme discetisaton  of the Wap(;'mt flow  ODE
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FML  lecture 19 Optimization cont'd : Conwx [Functions

RecaP: Analzlsis of GD on guadratic  function s

F©) = FO') +p-

——

0¥)" K (9-6%)

— C)woosmg 1= iteaton wmp/exi7 o rach erof ¢

L~ {?- 405(’/5) when u>0

l

L2 when =0

eiﬁm\/q/ues of K [u LJ éQ Condiﬂon numbe( QZZZ(L_

—>  (lhen \'?<<’/l_ — GD aan  be dméyzed usirg dffeertial  calelus (Gmdieb’l’( Flow ODE . E:)(f)=-VF(QCT)))

—> /hen E Y, ., then  GD a&\/eyes

/[Bo(aﬁ: Begoﬂi Nuadratic Functions

The Cowex case . (Reall F convex +f \//(,ZGIRd, Voaelo 1] | F(d)(ﬂl—ot)j)s Q(F(?()‘f(/’o()F(j))

In qu adratic Case

VFO)= K a a ctostnt (Mottrix )

— 2 . ' ¢
In the  convex cas€e , YV F©) s ro /078/ constant | put ¢ SaﬁS'f:"es v F©)=0

Des.

A -quncfiwl Fe Cz is

U - Sfrozljy Convex | i+ \72F(9) -yl 20

for V& € >0

In ottt words , for al 9, qf afenalees  of  T'Fo) are zu >0

De]

[ce' ’

FeC2 's | L - smooth

{ SF s |- Lpschitz . (|.>0)

all 979”“/“/“95 of the Hessns V' FO) are  bounded 5/ L >0

“ Sandwich Proper{'f : IJC F o y- Sﬂonjlj convex  § | = smooth , then -

\#x.g

—_— g}rorﬁy Convex Se't'f'fﬂﬁ ('bf - gc)

R,

—

Fixy + < vF(K),j-yo + %‘—I{x-gllz < F(j)

L 2
< Flx)+ <vF, y-x>+ “5‘“""5'1

— Do we hae aq unigue  minjmizel  jn this  aase ¢

Assume

(towords contradickon )  that O , 65

where

Plugf X0 2 Y=0f w the sanduich [oves brund

S0

—> Q’cvonﬁ[ﬂ convex ‘ﬁnc’rions 50117'5)? a P-L r'nezaa) l'ti :

P

FoF) + 7 [lof - of )’

minimize( S uniiu& .

|[ \7F(9)l)2 > m(F(GJ*F(e")) wheie 6" i the unigue  minimizel of |

Reca/[ Sandwich owerf);

variable

Vo4
Gx(g) = Fix) + <V
PaKaW]l\E'fEf

Foa x>+ 5 |18 x|

VUp Gclf) = VF@) + wlf-5)

. |
= zx = X— o VF(x)

S

< FOF) I Contradiction

Fo) &)

S0 6,(63’;) < F(Q%) [fab'nj MnG-) o bifh Gdes  of L*)]

[
FR)t+ <vFx1, =L Fix)

= [Wx) -;‘;1 IV Foc))?

s+ = R

= [vF@) > 2u(F©) - FE")

#

— This PL }neZaq/h‘i allows us to  establish  fnoar conue764C€

of + of

and both winimize

| T

P‘0P~ Choose \7—-%_ The iterates of GD gaﬁ'g? Fo:) - Fig) <« (1- (?"')f(/:(eo)-/:(et)) where €=L/u

o

= F0t) = F(O¢) - E/L— IWHQI‘")’IZ

So

—s As in dhe @uaolroa‘ic settivy ,

me— Q‘(’ = 9-(:-, - VF

F(Qt) = F(&- ~ VF(Q*-')/L) <

(Q-t-—l )/L

Fo4) -F9*) € FBer) ~F(E) - o 19F (B

<prem‘ous Lem. )

= (I-

< (I~

") FB) - Fie*y)

Q")f ( F(9) - Fo"))

Q. Continuous - time Ancd/sfs ?

Recall:  PL Z[r\efimalif] - vF(G)]}Z > 2u (Fo) - Fg*)

Gradiet Flow . ©¢) =

- VF(Ow)

Tack  F(Bw) - Fre¥)= fity =0

= 4t < Foe

f)({) = < \7F(9(H),

-2yt

0> = - ”\7{:(9(1‘))[/2

/ Gronwall’s  Pemma

Qo the fo o(eornges e)(/)onerr{-[a /ﬁ |

<

~N

< FO) - FIO*) - 1~ (FBe) - Fi"))

— 27,{-J£(1°)

Rmk . Jn  the  confinuous ggff,'/y we bt w | appers

:(Q'f-l) + < VF(Be) ) —VFCQ’N)/L > 1 _2£ [/ VF(QH )A }/2
[ Descent  Lemm ﬂj

condition  numbet  of  Hessians = %{ detemines 6,76@( of  Convergencg
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FML [ecture 20 . OPT!.M('ZQ'["'O{[ : Suf(OﬁQfe LOSS , SGD

—

RecaF= Aﬂa/gsis OJC GD on Convex functions

Stongly  Convex_ setfity Fo:) - FO" < (1 -—Z_{')T(F(Qa)’F(Q*))

—If?daj ;%Analdsis of GD in (vanilla) CONvex sefﬁ%,
% Discuss €Xam7oles where  convex  functions opearin ML - Linear  classification

% Stuchastic  Gradient  Descent

Rem'lf\Ole( : fTOﬂ’l zudd"d'h.c Sefﬁh]
When we [ast gfm’? cowexty (y4=0) we went Fom a O(C-¢")t) rate to a O(V%) rafe

(. Same fh;nj n  the gene(  Convex senh‘ini ?

A: Yes !

Focas on  the continuous time . é(f) =‘\7F(9U))
(fremelspten)

[ 2

Considel  the quncﬁon . L) = t- (F(G’(ﬂ)— F(OX)) * Z[l 9(1‘)-9*/[ : L”«’mhov Function

whee O € aymif F@) [g/obal minimiser ) (e Pfesgn-,-s Sfabi/ifj)
v
(in 3enem(, i+ qlwa]s deceases | (e., the Sjsfem oonverges o smﬁona?/ )

let’s cnmru’re L'tty = (F(Qtﬂ)- F (05 )) + T<VFOw), - vFlot) > + < git), G- 0O, >

B (t)

= F(60) - F@) - ¢t | WFlot)l[* = < oF(oty) . Bety- 6y >

(]

=F(6th) = F9) + < 9F(0®) o, - Bty > - t 1 vF(eets) |
. an ~
<0 as F 1S lonvex

< 0
Thecefoe  L(t) = L (o)

= - (Foet) - F0) < Let) < Lioy= sheer-ox

> Flow) - FO < 5T 160 -6

’ Bet(jono( Gradient Descent

Ls Momentum and  aceeleation . Use Mernorg o /mF(Ove convegence, COUf) — o (Y¢*)
O((I‘ ?-')T> — O((/- (i'—)f)
Ls /\/mma[isaﬁon / ,Qdajﬁive Leauninj rates  (Adam ,Qdagmd)...)

Ly Gecond ~ Odder  Methods . use gradient 9F but alo  Hessar nformation T F (@)

(ea, 3(16{55- Newfon. Oup =6t ~ V2F(9t)—l 9 F(0¢) )

(ver(‘j fost  but ve7 @</Densiue)

L5 Stochastic Gradient Decoent . See  next!

Examples of  Convex ERM .

A N \

— Bx 0 Linar Rea(e%mﬂ - Rw@) = l’ ﬁTQ_ﬂ'lz , R 5 convex ¢ CZuota(m’ﬂ“c
> Lineac CIaSSi(ﬁca'ﬁon: {(X,y)} where gé {’f”'/K} (y s discrete /abe[)

—  Gim /)/€Sf‘ nstance . K: 2 — Bl‘nﬂj C /qssi:ﬁ'caﬁon

Qg. Sfam Jilter / Fraud  detection / tat is AL - gen,em‘eol

. N4
— /\/afufa( LOSS j(i' g ) = l{y#g} , or, -1 © (24 ’ if‘y&\<o}

| L OEV\

, A [
— Associated ERM.  Rigr= 7 L LU, fotmr) —  counts wenge # of  mistakes l

7=

— (). Can We yse ﬁraolienf descent methads 4o solve this ERM ? ﬁ
A: Mo ! Gradients ae  zero q.-e. !
> A
Sol . Qeflace this  [oss bj X Smoofher one (wif/l nonzero grao(iem‘); Sumym‘é lo¢s 33

A

=YYy , d@)= max (0, 1-2) H.‘nje Loss

e Geometric Interf)r?m’n'oﬂ of Hinge Joss
& Xi >0 5 yi‘—"fl

We want 40 $find Oe }Rd ¢t {
9 ’ X‘i <0 [JC yi = -1

Assume +that data s f«‘nearﬁ/ Sé’farab/e .3 such hi[)er})/ane

X
X (X of Prob)em) [V)O‘f ((‘neadg se,oarable]

X X

X :  Which hﬁer/o/ane o pick amoryst those  that se/mmfe data. 2

s We wmay want o /chk a hj)aerplane as  Tar as ))vssible fron the dafa

—> /V\Ol)(irnise the maf/fl’t

<%i,09>
dist (X, He) = | ‘,
Il
Ho=3%: X-6=07
Severa ~ Opfions
) Fid hjperplane with jargesf m”"j’“ : mgx w%m o <> rgn l(et[ suly‘eq‘ 10 5i<xi,9>zl for Vi1, ,n

QLL”)O({— Vector  Machine (\/a/Jm"k )
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FML  lecture 21 - Stochastic  Gradtent Desceent _

L

l?eca)o e Binarg Classification . Error maxsure ﬂ(g' ?l) = l{\ﬁw}
defines a  foss with  no 3radfem‘s !
+ Intoduce a sutrogate  foss  J | v g) with " wseful ” ﬁfao(ferrts

. A/[ara;n: Jirst example of  sufro jm‘e Joss

Yi <%+, ©>
o

Jor SV,  agin©) = min
1

—>  max /l/largm (D)
0

P

— Fenalize cmall marjfns -. ﬁ(yg) AL (’“32‘; 0)
n
R0)=n é’”""‘(”%<%‘f9>f o) +2lo”

— This ERM 5 associated with  fhe ’)é’fCé’)Hron

[ McCulloch @ Pitts , 1943, Rosendlatt’ sos ]

™

R 15 convex w.y.t. @ ( n - Jact i is - Sfronglg (onvex )

& LoafS‘h'c loss . j(g/j) = /03 (/7L e-ﬁ)

— Pm b bili {'j Tnter fféfﬂ tion

e'§<x,Q>
Mode( : ]/7( - Be”’l (gé<x,9> ; e-;f<7<,9;)
e?'_<x,0>
— I [
=+1(X) = L =
ng( (Lj I ) 62<X/9>_'L e-—21<)<,9> |+ o~ KO = | + e-f/<)<,9>

1
’Pg(?j: -:l}?g) = 1- ’PQ (U:il[}(} = 5_.,4_ e<7"9>. = ,1,6%’147(»9;

—> (Corgider the MLE .

-Yi <X, 8>
)

iy Sl B ) = a2l (146 - R(0) using Lgistc fos

/\ -
> R is ako convex (as t > /‘ﬁ (1t e“f) 's com/ex)

— A ll ‘H\fse g(,{((oaq-fe josses Can  be 0})’(’50"(260( bﬁ 6% (TACMKS 170 Con V@Xf‘l:y)
— Big caveat . mﬁ ERM o tle fom )/2\(9) = ’;T 2./ (;ji, Xi, 0) has  a j’“ adent o the
‘fOﬂV\ : ve ECQ) - —YlL Z’, ve “é(yiz X . 0) — negl fto use q// ‘(‘he datar all the time

unfeasible  in farge smle ML

+ Stochastic  Grdient  Descent [ Robbins & Munto 505 |

We can view  +he ‘,m"'"y foss RO) as an €XP€Cfa’h'0/l ovel  the  data .

A _ Z <\ 0}71" nal  reqularizati
— » . . (0 1ZA [I1ON
R () (Ktltii)"T[ 3 ” @)—] (-r)\H(Q)) ej
WR(O) = E [%dxiyi.0)]

(4 ~T
:l-t ~ UV\if {J, S Vl’]

— At eath jteraton. T, we duw a  pict 1, ~ T g define

L (of aso ”mim'bafd«")

O = Ocy ~ D vd (%, . i+ 6y ) of  Ke<n  points

3{ (;t | Stochastic af?/)mxfmu«bh of the gmo{u‘mf
-

(. Js SGD a desent method 2

A No!  (Jpdates mijkt ncrease e s, ut Should  decease “on avernge ’

Some k62 ouestions -
(%) (/nolqu,'% s ct ptions thot  make SGD  valid <
#) Pole of the Leoam (‘7 (ate y‘( 2

(%) Pe(’fo«mance in  convex furctions 2

Ke” Aceu mp-ons:

(i)  Unbiased  Grodient Decent [:a*(et"’)lef",]: VF(0:)

F objective  function

4

il
—t
=
—_
(D
iy
—
T
et
-
—
(
Sk
M=
<
=~
~~
P
=<
b
-+
-
[l
<]
7
DO
T
N
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FML Llectwe 22: S&D

Reca'); — Stochastic  Gradient Descent

Oc = e = M §(Be) , §(6ea):  estimado of gradient of FOw) at B

— Main Bxample.  Feo) = E, [{(0, )]

and J ) = Vg LB« , X¢) (gmolierr‘c wef g sinjle sam/)fe )

— 'ﬁyolaz . understand  the  role /@amiy? rate 0t

* Poblem  Set-up .
al 2 2
st BX0<0" , B, [Jx-9"]=6"< 1+

= X~ P i R
> Defne FO) =7 B[ 1X-0/f7]  Ghbal Min 6" = E[x]
WWW\-—V\A o

~a /A/\

— gy

— Goal : Minimize F usinﬁ sqD .

At itemfin t, we draw  Xe~ P ( Wl?/’- from  all previous data )

Ot = O - 1, ve[;/,y1-9112/9= 9“']
C aVan ’
O¢.i - Xf
= (17 ) bt e X . Xl

Q: How to Fick Tt ?

F 4
Tdea 1. IF fe=/t , then - ?lexJ
We can see +his b(7 malucﬁon -
_ 1 1, G 1 12
et-(l"\")f)Qf-"rtXt=(l- .t)_F_TZl XJ 1 .tX-t = {'%XJ
j* Jj=

.t.

Idea 2: I D= T 4 i _ g
f+1 , then O = 2. 31X
t(t+1) \7:1\7 XJ

Ls eX :  (Check recuirence
— &: PriI\Cipled WQJ 10 S€/€C't fearnmﬁ fa'fe ?
- From B¢ = ("Ot) 91‘-' T \Qf Xf

We have a recurence ewor . Qi - g* = (1 1) (B, - 0%) + 1, (K- 6)

= G¢- 0F = (= 1¢) [("ﬂf-')cgfﬂ -9%) 1 0@1 (Xt-i - 9*)]" 3{ (X¢-6")

.t
) ' where  T) U-/)) =]
+ . ,( K=t¢|
RIS (R A PR

Us?ng that X, -, Xe are gid Rok. We can see that as Lmd as  we have TT (1- JJ) (0,- 6")° 12;0@

_ - _ ¥ 2 + 3 -{: oO
£ [ 1€, ] = T U-15)0,- 6)* + Z \/M((W (1-0x) ) 1;- ()(j.,@*)) we  have TT (115 )(6o- G*) == Y o 0+ =5 pf
VA A~AA~AINAANAC = J vJﬂ J N
1 X , ’ So 1t s asym of‘ca// L(nbiaseol
ng 35 kgﬂ((—ﬂk) VQFCXj’ @ie) a P | Z
&° O; Do we hqve anj folea oy meTmUhﬁ +t o bQ qnbiasegl
_ T 1) (0.-0")° + & 5 X T (-1, [ deterministic | ”0”’“35"‘]>*”"C“’/j ?
J=1 K=}t
— o gt analler eror  as  t  ncRa®s ,  we  peed -
t 2
(i) {oraet nitial conditions . we need [ (1- 1) —0 as t / w
J= 1
Jc
(1) Cento| of he variance : f}J W (lj) — 0 Qs t/\-l—oO

A ) Assume jt —0 a5 t P+

O —

t
foa T( (¢ - 33 = 9 2 Joj(/ 7)) < jzlﬁj bj foj(l'gg,) ’,‘c-—\%‘

{
= e need 233 / tQ a5t J+eo

(71) DeComFosiﬁoﬂ oF Vaiiante ferm - assume ﬂJ‘ >0 g( IS non_,‘ncfeasini, & ﬂl <1

et melt].
2 ?;,2 ﬁ (1-9) < fo TF(/«j )
J"l KJ J:-l JK>] R
M * t t
AR I Z g T g

g< \"]; < \V]W,'jj for m<j. (non~o(ecreasmg)

.
Sice - T () = exp (49 T () = ( 80739 ) < ep(-2 0x)

Then &) < :
QXP ( r’”‘ﬂK) 233 T \.7 j=m (l_(l-ﬂj)) K” ({’OK)
7J
]:t( ) t
KJ(I HK)“K_L/Tj(I ﬂKS
0y T
J aj-l 1
o | : ~)
% bSQ(\/RTOﬂ szm'ﬂ (QJ 'aj—l) = 1 - Am

+ oo
Recal| that 2 Dy = too Jrom the bias term
j=1

) oo , +o0b
= Jn /oarfic(,z/ar ) if we conSides >, jj <toa S) ﬂj =
j:l 1=1

By Picking m=%Y, | we hwe variance Yo as +7+eo

—> Rgmark . (D I\‘/s a caref«( bq/ancf befu/ee/[ Jrvr’ﬂéﬁm I.C. Z< Confro/[inj Overa/[ VariancCe

(jzﬂj=+m) (?ﬂjzum)

&) Our Previoots exarv})les oyt waoosinj \74( = /f or 2/c £) make sense

©), 2 gj <t IS Suffitient but rot necessavj.

Even constant [earw[nﬂ ate s valid (if we /)er’ﬁﬂm Qe Olﬁ"”ﬁ oF teates) ¢

S SGD in acfion . The Pe(cePTron
. o
Cmsder . dofoset 7 (G, %) 7 n with 1 eR” g fi1]

Ne want 1o frain  a  Duear classifier . ?(m: 519 1 (<7(,Q>)

() At each SfGP tT=0, 1,2,

L Select o yanolon Q}(am/)[e ie[n]

— I} Li<Ki, Q> <1 —> nistake
Oet = Ot gi A
Otherwise By = ©

Rk, I we made a4  mistake <W'°'ﬁ side /400 small marﬁm) , Wwe })%Sk it o

it side bd addmg fr < il > = b ™ = a3
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FML Lecture 23 - The preceptron and  SGD
RecaP; Given & dataset . S= {(Xi’y‘)jie[n] with % G/Rd | Ji ) {ilj
Ne tain a finear classifier . x s g{an (<7(’9>), 0 éle
Usmg a  perceptron -
(i) Jnitialize 6, =0

(1) At each iferation t , Sefect a sam/)/e T¢
N gi{_.<7(7-t,9f> <1 then Q¢4 = Oc + J, 7
Otherwise  Oiy = Of

Q: Link befween Percepl‘ron ¢ SGD 2

Recall : - The hmﬂe foss . f(ﬁ): ma)([l—ﬁ, 0)

— This defines e empfﬁml biss - [(@9) = éf(o'ﬁﬂfi»%)

— (onsidler SGD on s empl‘fim/ foss - Gy = O ~ e Ve f(}ji <, ,0>)
. :

v

&

:i-gifxif ’f Idgi.t <7(if/9f> >0
—> I’S: Pl(,k J{;‘l IJ(O( V’f , 'Hleﬂ weé (7\2{ F/CE,DHO{[ (|l

0 otherwise

(): Does the Pefcefsfron jeam 7
Q1 Can it 'ﬁ't ‘H!e fmim‘fli set 0

Ra. Wil it correcfg c}assi? a Afest oata point 2

Bssumption Dataset s @‘near?i se/zamb/e

— Recall . notion of mar’jr"l of a s a'fl"y ly})er/)/ane

He = {7(; <7f,9>=0} and a  dafaset S = {(Ki»yi)j"
o 1€[n]

Z;
>0

DQJCMG _H‘e marﬁm: U(Sle)= min yi<7(i,9)j
iel]  |loif

0(S)= max 0(S.9) @ ©f = argmas 7(8,0)
0 O

— Define  D(S) = max | x|
i€[1]
(For 1)

—> Thm. The perceptron a/ﬂon'Hlm makes at  most 218

S0y Mt mistafes  on ary f:nearfg-sejoambl ¢ dataset S

Py, Main  Joleq Confm/ln'ﬁ # 0of mistakes ~ Covrfrol(('ng how much cn 6 Chanie , in fact, Il@t/} suffices

Upfer bounol: §/>s. we made a mistake at  jferadion t .

/l Ot ’/2 =/IQt+}it 7(1‘{[12: [’9t1/2'f‘ /l%itl’z t 245 <7(z‘f,@f>
— L g _

<DEY 2

So, M+ # of marjm mistakes after T iterations

“9”/2 < my (DS) + 2)

Jower bound . let © be anJ unit  vector st. H o S @ seferafmi Aﬂ:erzulane

W\/‘\MN\

I‘f we make a mistske qt sfe/) t .
<O, Ot -0t>=<0. fi%>=>0(50)

In paticalar, < Q%, Qi -0t > = 0CS) & 165 =1

Ve
l Vg ___ t
19¢l] = <6:,0%> = ngqaj~ O, 0%> = my 7S

Theere e (S5 < 19¢] < me - (21 Disy)

2+D(5)°
J(s)°

= Mt =

H

_> Thus | Per(.e,)ﬂon evenft{aly COWQdy classifies  all Jrraim'rg /Domf 5

For (82)
Assume olocfaj)amfs X; = (7(1‘,57:) ae drawn  7id. flom D and st /DOMJ[ R~ D (iid)

Thm. [Vaf)nik , U\ovrone/(isj

(mn wfil  co nvefjence)

Assume  dafaset G - 7‘ Ra, Zn} is Q’nearg serarable. Jet ©(S) be he output of  he perception o S
Then the f)rob. of Ynakfn; a maﬁ/n mistake  on ¥ = (I, /1) satisyies

R 2+ D(S) _
IP(3<9(§J"<> <1) < nt E:[ ==) | whre S=3Svu{g}

of  We expbit the exchange;b,-lny of fhe data {Zij:{(xi,y{)}ié - md 2= ()

Joint  distribufion o A, , Xy does 7ot 0(67)@10( o e  oder

—

(1) /P[ j< 0, x> < l] = E[l{j<9(8),z><l}J

-K
0 De‘fine. S = '{81: ) By ZK-/-;, e, 2, Z}

EXCL\angeabi [i‘y . the order of these RI5  olees ot aﬁ:ec{ the test eror

e, Parm""? percepiron o S ond ’tesﬁr? on X gies the  Same f)rob. efof  Jor  enth k

Nt

I
N IP[5<Q(5)’K> <l} - Hﬁé ‘[153K<9(s‘k),xk><1j]

_ 24 D5 )
—> Recall that mnnirﬁ ]DGW/WO” ol S makes at most M= ~e mistahes .

There are at  most M indices T, 4 Im 6[n] whee we hwe made mistakes  (msn)

I K€ {ig, -, imf , fen 0(s)=6(5™)
= 3K< 0CS™ %> > 1

Othet terms contfrbute at most 1 . So

l |
PLY<OS %> <1 < w E[m] = 7 —

Rk . 0, Unlike SVM percepfron 0(085 not ﬂecessan'y com/erias v a um‘zue hyPer}))Me

it sfo))s as soon as it makes o misfafe

® Fom the ,DerSJtCT{ve of SGD . fhe rason we com converﬁe bﬂ Just
Cho%iﬂg a  omstant convegence afe can be  toled obwn o e Simylimy/

o o hirge foss
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FML  lecture 25 . Geometic Deqa Learm‘?t

— —

— BOISiC Sufervisea( Learm‘r? Set—u)o :

Tnput  Space X (}vfjh-olimensfonﬂ[)

Output - Space g ( Lw - dimensiona| ed. . %:,R)

Hayoﬁesis Class . F={F XAt  ofter indered bﬂ a comPlexhy parameter Fo = {feF, rth<s}
Goal . Approximate  unknown target f* va ERM

7 [
5: E arﬁmm ﬁiﬂ(f(m):y—i) whele we assume ﬂi = ;F*(Xi) t ¢
:féfg

Recall Decompos‘ﬂrfon of efror :

A

R(f) < 2ayprox (g) + Zsfat (¢)

Conclusion . To efﬁdcm‘lj Sea , we veed  accurate (Eapox small) et “small hayo#lesis F (&g small

=> Meed 0 exPIoiJc ary Pn‘or 1'rucorma‘ﬁ0n on -ta;ﬁet :p!-

. /,camini n the PI’JS’C“l World

—

Hiﬁh- olimens{onal ifl})b(‘f s}nce X mn 'fiPiCd( M) Z}D/D/I'CQ fons 2

m
—> 2 = 1 images epreserted  as T ,
{ 7 i P | \ . | 1e /R3xmxm
m, N
| N o ,
Wl - L 2D _ﬁraL enwabn?, RGB
L>pixe[<>
ceR?
> Y = 1 molecules resreserded  as
X { } f aphs| enwoding the qtoms
T, g
€ij =
o 0 o and their chemical  bowds

i
efo,C.H. N, -1 , &R’

—~ X = {Jcext/ /aUua e 3 / relpresen as a | sepuence (W, W, We3 e Dicﬁ'onay

(ZD—JVFO{; jf;phs, Sezqence) P chamels
- X s In 'faC‘t a S/)a(f 05: fSiUﬂVldlsg 'H'la't //We- on a I)hdeCq,( dpmam 0 X = { X : 4l — C‘%
U = xXu)

— We w@n add signals or scale them | (Xt @Y) (w) = o(X(uH@J(u) 2:{ is a vectol space

—> Tnef Pmo[wg Struetie i C ”upgraoles Y 0 iner })fool“(,'t stiucture i X <X />JC = f q <X, Juo>, du

OF VWIJ is  fhis /)h/s;‘cq( domain  yseful *°

Sylmmdr/nL; A sgmme’rri of an Oé)‘ecf is o Hansformafion that [eaves the o{njeot Mﬂc‘la?ed
0 U

Ao

finte # of ngmefwies infinite % 1
of samme'h.‘es &

\ W
Ex2 L, W, W) = W QWX ) O 0 0O
«~—r
A SJmmefg of s adhifechue s a / m \ Wi € ,RmXol
0O O O O 0 d'xm
tonsSomation.  of  paameters U= Wi, W < y N W. e R

st (% gWy) = F(xw) A bw
6 1m} — {/,m} a  permutation

1 ¥ 61 = j

‘ mxm
G iven 6 ., we ne Perm. mm‘n)( T’; € {0’1} W}ﬁr (:’Té )2J = 0 D-H,e(w,‘se

So g({w, W.}) = {T W, T} s a symnefiy of  f st F(x: gl - f, Wy oove. Vx, yw
Rmfg. © Permufa‘h'on S}mm@t% IS fno(e/o. of He acom g !l CSO we qt ,/eqst lve Mm! Sjmme’m‘ej Jor one- [cger /VA/)

@ ef (W=t , Hen F(x;gwp) = WT, MW x = WeW, x = £(x; W)

so. its natual 1o  hink . f we have some agumptions on @ | we can eyﬂ/ore nofe  sgmmetiies ( Like of{%%ona) )
(consider homogeneoas functions  fike Rely )

> Most im }mfanfy we ae inferested in symmefies of fhe farjet 7. X -1
L Trans:Formqﬁons J: ?C ->9C s.T. :F*(f}(KJ) = :F*U() ﬁf VKGJC
Ly Cﬁq/le'g:‘r? m gen efanc hrﬁh ~ dimension

L Instead , use P’yg‘cq[ domain (2 1o describe Sﬁmmefﬁes!

. Sjmmetﬂes oF (2

| -

— Images (Hx)= Is thre a cat in X 2
tandortion g
g — >
&lla‘ﬁoﬂ
fotafion

&

v

L)
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FML Llecture 26 : Leaming with gjmmetn’es
. /A

—

RecaP; Leafm‘nz m Ph/sfcq( World

Yaue[S/ measuremerts

\x: {XG-Q—)C}

S Phasical domain  enables a(escri/m'on

sgmme'fﬁes
. S,gna(’ olomal"'\ C: Channels (_-C—‘R,n)

Sammefrfes arisini on jfdf/lﬁ ( motivation molecules ﬁdﬁ:’c Ylefu/ork)

3
20/i 04  (Undirected )
|J\O4/ Glmph: G=(V, E)
/\7 \/Z{I,"-,n} , NnN= %2 Of 'H'E ﬂfdfh

E = { (ilj) s Z/]\él/f
Repeserted  with Aogacenci Matriy .

nxn 1., 1 )
Re 10,17, where Aij - { Toj)eE
0 othewise

G of se n SO, A
L We can relabel +he vertices in  n! Waﬂs , while all +the ad\jacenc matrices are relgted [y ,. z}— = TAT" & g obtained bﬁ ];ermuh‘% rows & coumns OJC A

. From Sﬁmmefries of 0 w0 the symme’m‘es of X
3:-&*)&1 9-)(

A domain 'fmrlsformaﬁon g 2 =0 def,‘nes oL 'l'fa/[Sﬁ)fmq'ﬁon i?: \9( — L b& : (3)() (74) = X(g-"{,{) —\)COY Vu e )

AMERVERN Ei‘
—> 3' defines  q /mea,( +ran5formaf,'on ﬁ-(dx + BY) = o g()() + @g(n Al

(3X) ) = X cu-v)
, ngme’mes % Gmu/)s

We observe that (1) J=Id is a symmefr}

i) g and  h e symmefn'es , then ioh and Aoﬂ are ako 7mmehres

iy I3 g 1S a symmeﬂj , then ifs  imerse i" s also a 5/"7»1@‘7

ngmefries form ¢ group Wy (;orn/DosiﬁorL

L GIOM}?S can either e discrete (acim"te elements) of  continuoys
Ex. - Z? : ngfc g/ou)) of in}fﬁerS modu/o 7
= Rubiks  (Cube

—> (R, +), (IR\50r X)

' Summafy SO ocar : (1) We us flys,'m[ alomou'n 2 deﬁne Qa ﬁrouf (= of —fmnsﬁ)ymaﬁ'ons
(i) This goup defines  n simmef!; goup of the fﬂfﬂe{ fnction £*. §1(91) - oy for vjee, xe X

— In mang ML a/?})ﬁ'mﬁong , we have Frior know/edie o (some) simmetries G the +arget

ExamPles : Atithmetic g}f 4 mer%

X, tX, = 2 Commutatie  Structure

J maﬁe (l assi'ficafm Orfhojond ( Gro u/) On

Proteins / Biology Permwm‘h'on G;mu/J Sa

:>~.:< (n afoms) Q< Off'hOﬁWl‘{( GTDuID On

O1 . Why sdmme'fries are useﬂl Jor /mfm'ﬂj ¢
Qi: How o jever7e them  jn practice ?

. Invanant [eamiﬁi

e

— let ff XY b e faz;et Functon

—~ We ConSider symmcfy ﬁm/) G ac’o'nj on L
— e 5‘7 that 5:1( 'S

Mvan’an-{- ‘10 G_ (Of & - MVQW‘QVQL) )"E {-x(ng :JC*(K.) ﬁy V; & G , XK€ I

—> agsUNe w.[.o.], G is  discrete

— Given an; & x-—éy ,  we Aeacfne the oweraﬁe wrt. & as ¥ 1—9}/. st. | SFxo) = -I—I—-Z:fcg-x) for VYxeX

G’gee

{9‘K/7€Gj=0m . Ot of & yassini H\rough X
Ls So 9 5 thus averq l’/lf over grouf orbits

*
— Cff -7 s 3“(3'76)= oo for yxex, vje G

— Gien «a }Wmﬁl@% Css F, we can make 4 & - nvaviant . SF = '{Sf . JeF } (as %7 25 ]Z gl acts mns"t""e/j o J- )

Eg. 0 = {1, .97 for 952 KL i is  prime & =22 O/o\o
(xi:1—=>C) o >
J: = { polanomials PR, ) of aleiree kf oo

EZ. for K=2, JF (odd contain 75,2, A+ CAs | - -

S = '{S?(?(. Ag) = _?L

Z
e P(le] ) %u} , Xzfj) , ? PO[ymminS }'

Essentia| Idea: Y= G @& oc/G_

g and we on[J need this m:fvwnaﬂon
we Jvi & SF a5 e ref)vesenm-ﬁve of each eZtu'(/q/ence class [—E]
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FML  Lecture 27-, The Geomehic DL B[ue[)ﬁrrt

Recap Decomposition of input space into  orbits

ey 3rou]> of transition actmg on X

O(X)::
{f?(,ge G} g oup orbit ; x~x’ if ﬂ\@ are on the same orbit
X

X ' . .
K/~ > 1f e taget 3% X~ d 5 G -imeiet, den e te viewef a5 a functin Xfo — Y insted

— Avaaging Ofem’cof SFix) = )Gl Z f{j x)  maps avbltari hgfomesis space F < {39. x-eg,} mto an  mvariant }&ofhesis class . SF = {Sf, :féfj’
i

L
—> When f 1S G - yWanignt , Should weé use } or SF ? L) Ve,mcz 'Hna'[; S‘f 1S G - im/an'ant : SJC(jK) = Sf(x) 'on Vie X y Vﬁe &
+ Applosimation  Error - i Jf-£i° vs. af JFAOF) ) = ’ = =

P (A s S5 SIPRo ,@,fgj((y (§:%) ,@,323 fG ) - sfoy 4

Fact The averajing operator S s an ofz‘hoiona[ Pn\:jccﬁon

f. P Vhe XY /rml%/;smz-s)w*
= |ishi” +ic1- SIh[*+ 2< Sh, (I-$Hh>

As <Sh., (I-SH)h > :f

Shix) - (I-SH)h%) dx |ox = h ) hix) dx - Jd}? =0 W
OC\"’(jO(?u [ ’ jY/“' UO"" o h(f) |
avemgc damma vatrable (\)r"

So S S an orf}l%ona[ PFO\jedion.

£+

Bd this  fact, we have

Fact :F* O
A ’

37 I SE =S+ (I OF - @55

[§%- S51° + ) T-94
I - S§If

= o (-0 < i o
5 eSF JeJ

— So Af))roximaﬁon enor is ot deg(qdeo( (§ SF<F . Ahen ijnez/re espd] )

— Gtatistical|  EBror 2

SY i defned over  swaler space X/~ , 0 staf ewor is not deﬂmdeo( eithet
—> Usmg ngmeﬁies he/})s Hw, jeavm‘ny -['ask

> The /arﬂer the spmetty g0ty the  smaller the  Guotient SPACE X/

E;z cavedl <o acar , Com)yu.h-? Sf IS @(})ens,‘./e , e7;eciqlly as /G } S fmfje , ey [ G} 5 oo |

Ls N: Efficent Alaoriﬁ\m ]

\ T}le Geometric DL Blaelpn’n’( §

(onsider @ Linear )W)O'Hlesis 'f;
Sy = [6|3§éf13'7€) = JC([jc.;/g ej] ) f(xy  where . Zm“f average of X

— Tlae Zmuf aveva]é can  be @m;)ufao( efficfenf[y m oul Cases cf mterest

gl L= Aix-=>R[, n={1m7. & =5n

m

= R

—

m
)(e?C‘le”l and X: = ’m“' 2 (6 X) = FnLZ’X] - simyle avease ower Al cOom?mafeg{
J 6€ Sm 7=1
éasy'v

Ejz. N = {7(: [R’% IR} G = Translafion G;rou/: .
X (W) = )(6(3«){10 = j wu-v)dy - § xd) dl ﬁavemge d e
G G

Problem, T)le avuaﬁfnj /?oses 100 mMC;L "’!JCOy’matleLJ

How -0 comJ)Ie ment the Sineay nvariant 2

F"’"’L mvanance 40 eZui variahCe

—

Sy

weé have F; X — DC/ ¢t & acts on hoth X

—> Sps.

Eg. X/= Y = imaie - Fmy=x with  Van Goﬂ}l 57[6

Dok X, X/ can differ Ea- X'=0 , Flx)= Jacartion of ceftain Ob]'ect

— e saJ twt F s & - inaiant i F(g-x) = g Fa) for VYxe X ad Vie@

J

X X
© | £ |®
( ( Commutative diaaram)
= . )
N >

© ©

Q: How 1o com)awte Dinear eclw'vaw‘avrfs ?

We start  with G . Trandation Grou/o n =R , X = {x;ﬂ—%lkﬁ , F: X=X and Fois Dineer and  commutes with  anslations

o

= F is a convolution . (}:7()[1():‘[rz P((V)h(u-V)dl/ where h:JL->IR s aq Ffilter

\/evifa )éineaviy 3 (:ommujm'tfv'r? w/ fanshtin
Flapt ex) = aF @t 6Ha") S v, 1ed & o BeR

F(ﬁ'x)(m —f(gX)(\/) hiu- V) %

translation ba U,

= [ x(v-16) htu-v) dv
d\anae of V@‘QS
= g AWV RV dv? < s (B )

B2 Foow - 6(xw)  pointwise transformation  for Yx, vy
F(g x)w = 6 (X(§"w)
[§ FroJw =g 6(xm)=- ¢(x(5"w)

Fre X = X

are  buth ezw' vanant o
) v 20 | B a{SO e u:vanan‘t‘
Y } - Fao Fo i j
Ko

F, s invariant F. is mvarant



