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Abstract
We consider learning in the general framework of stochastic convex optimization (SCO). First, we
study fundamental questions in this area: When is a SCO problem learnable? Is empirical risk
minimization enough to guarantee learnability in SCO, as in binary classification? What is the
role of stability in learning algorithms for SCO? We cover the perhaps surprising answers to these
questions as provided by Shalev-Shwartz et al. (2010).

We then turn our attention to gradient descent (GD) and study its power as a learning algorithm
within SCO. A recent result by Schliserman et al. (2024) shows that there are instances where GD
requires Ω(

√
d) samples to arrive at a solution of non-trivial test error (d is the input dimension).

A further improvement provided by Livni (2024) establishes that this lower bound is in fact Ω(d).
Taken together, the results imply that there is no statistical benefit of GD in worst-case SCO.
Keywords: Stochastic Convex Optimization, Empirical Risk Minimization, Gradient Descent

1. Introduction

Recent advances in machine learning have equated, in the minds of most, learning with classification
(in the case of pattern recognition applications, e.g., medical prognoses) or density estimation (in
the case of so-called generative AI, e.g., large language/diffusion models). However, learning can
be defined in its most abstract form with respect to any loss function. Formally, Vapnik (1995)
defined the General Setting of Learning. In the General Setting of Learning, a learning problem P
is a tuple (Z,D,H, f) where:

- Z is a measurable instance set.

- D is a distribution over the instance set Z .

- H is a hypothesis set.

- f : H×Z 7→ R is a measurable loss function.

The goal of learning is to minimize the population loss/risk:

min
h∈H

F (h) := Ez∼D[f(h, z)] (1)

That is, we would like to select an h belonging in H whose risk is as close as possible to the
minimum value infh∈H F (h). But since the distribution D of Z is unknown, we cannot do
this directly, but instead need to rely on finite samples which are often assumed to be i.i.d, i.e.,
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S = {z1, . . . , zm} ∼ Dm. For these samples, we denote the empirical loss/risk by F̂ (h) =
1
m

∑m
i=1 f(h, zi). On this sample, we apply a learning rule A : ∪∞

m=1Zm → H to pick a hy-
pothesis.

This report focuses on one particular instantiation of the above framework: Stochastic Convex
Optimization (SCO). In SCO, we impose the following further limitations to the learning problems:

- The hypothesis set H is a closed, convex and bounded subset of a Hilbert space.

- The loss function f : H×Z 7→ R is Lipschitz-continuous and convex w.r.t. its first argument.

That is, learning is restricted to convex spaces. Note that this setup differs from familiar binary
classification, for example, as there success of learning is measured with respect to the zero-one loss
f(h, z = (x, y)) = 1 {h(x) ̸= y}, and the hypothesis set H may or may not be convex. However,
we can have supervised learning problems framed as SCO instances.

Example 1 Let instance space Z = X × {±1} with X = {x ∈ Rd : ∥x∥2 ≤ B}, B > 0,
hypothesis space H = {h ∈ Rd : ∥h∥2 ≤ W}, W > 0 and let the loss function to be defined as
f(h, (x, y)) = l(⟨x, h⟩, y) for some convex and Lipschitz loss function l.

In this example, we know that uniform convergence holds: for any distribution D, with high
probability over z1, . . . , zm ∼ D:

sup
h∈H

∣∣∣F (h)− F̂ (h)
∣∣∣ m→∞−−−−→ 0. (2)

This justifies selecting an empirical risk minimizer (ERM) as a predictor:

ĥ ∈ argmin
h∈H

F̂ (h), (3)

as its population loss F (ĥ) is guaranteed to converge to the optimal population loss F (h⋆) =
infh∈H F (h) as m→ ∞.

What about general SCO problems? Can we always select an ERM, with the confidence that its
population loss will converge to the optimality? Let us formally define this desideratum to make the
discussion smoother going forward.

Definition 1 (Learnability): A learning problem P = (Z,D,H, f) is learnable if there exists a
learning rule A and a monotonically decreasing sequence ϵcons(m), such that ϵcons(m)

m→∞−−−−→ 0,
and, for all distributions D, it holds:

ES∼Dm

[
F (A(S))− inf

h∈H
F (h)

]
≤ ϵcons(m). (4)

A learning rule that satisfies the above is called universally consistent.

Remark 1 The term consistent refers to the requirement that eq. (4) holds for all distributions
D. This is perhaps one place where the definition of learnability becomes too strong to be useful
in applications. However, this is consistent with the usual definition of PAC-learnability (which
additionally brings up computational considerations).
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Let us restate the main questions we are interested in understanding SCO problems: Under what
conditions is an SCO problem P learnable? Is ERM the only rule we need to consider to determine
learnability?

To kick things off, let us provide the answer right away for finite-dimensional learning prob-
lems.

Theorem 2 (Shalev-Shwartz et al. (2009)) Let P = (Z,D,H, f) be a stochastic convex optimiza-
tion problem where H ⊂ Rd is bounded by B and let f(h, z) be L-Lipschitz w.r.t. h. Then with
probability of at least 1− δ over a sample of size m, for all h ∈ H, we have:

|F (h)− F̂ (h)| ≤ O

√L2B2d log(m) log
(
d
δ

)
m

 . (5)

This result is a messenger of both good and bad news. On one hand, the above theorem shows
that the population loss converges uniformly to the empirical loss as m goes to ∞, which means
that any finite-dimensional problem P with a Lipschitz loss f is learnable via ERM. On the other
hand, the dependence on d is alarming: it indicates that in high dimensions, there might be a high
price to pay for generalization. It also permits the possibility of failure of uniform convergence in
infinite dimensions.

This is, in fact, the case (Shalev-Shwartz et al., 2010). As we shall see in Section 2, there are
SCO learning problems in infinite dimensions where uniform convergence does not hold, ERM fails
to output a generalizable solution, yet the problem is still learnable via alternative learning rules.
The rest of that section is devoted to characterizing what alternative rules are guaranteed to work
for learnable problems. The key notion there is that of the stability of a learning algorithm.

In Section 3, we return to finite-dimensional learning problems and present a dimension-
dependent lower bound on the number of samples required for an ERM to generalize in SCO,
which is due to Feldman (2016).

Despite this negative result, there is hope that common algorithms (specific learning rules, which
may either be special ERMs or may not minimize the empirical risk at all (Zinkevich, 2003))
may not require such pessimistic dimension-dependent sample complexities. In two recent pa-
pers, Schliserman et al. (2024) and Livni (2024) settle this question: they show that gradient de-
scent (GD) and (unstable) stochastic gradient descent (SGD), the prototypical first-order methods
used in SCO and beyond, also suffer from the same dimension-dependent lower bounds. This is
bad news because their results imply that the theoretical tools we possess are unable to differentiate
between ERMs and solutions returned by algorithms people use in practice (where we know that a
gap between the two exists (Zhang et al., 2017)). These results are presented in Section 4.

Finally, in Section 5, we outline some directions worth studying in the future.

2. Learnability in Stochastic Convex Optimization

As we mentioned in the introduction, there exists a simple stochastic convex optimization problem
that is not learnable with ERM, despite being learnable otherwise. We proceed with the construction
which appears in Shalev-Shwartz et al. (2010):

Example 2 Let H be the unit sphere of an infinite-dimensional Hilbert space with orthonormal
basis e1, e2, . . . and let Z = H × V , where V is an infinite-dimensional Hilbert space with each
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coordinate belonging to [0, 1]. Let the loss function be:

f(h, (x, α)) = ∥α · (h− x) ∥. (6)

The distribution D is specified as follows: x = 0 with probability 1 and each αi is an inde-
pendent Bernoulli random variable. Suppose we have m samples from this distribution: S =

{(x(1), α(1)), . . . , (x(m), α(m))}. Then, there exists almost surely an index j⋆ such that α(i)
j = 0 for

all i ∈ [m]. As a result, the basis vector ej⋆ is an ERM:

F̂ (ej) =
1

m

m∑
i=1

∥α · (ej − 0) ∥ = 0. (7)

However, the population loss of this ERM is poor:

F (ej) = E(x,α)∼D [α · (ej − 0)] =
1

2
. (8)

Thus, the deviation of the population from the empirical loss can be arbitrarily bad, even for ERMs:

sup
h∈H

∣∣∣F (h)− F̂ (h)
∣∣∣ ≥ 1

2
. (9)

This demonstrates that uniform convergence does not hold in this case and, furthermore, ERM is
not guaranteed to generalize well. Note that the zero predictor1 h = 0 has the optimal population
loss F (0) = 0.

The conclusion from the above elementary construction is remarkably surprising: uniform con-
vergence may not hold in SCO and ERM is not guaranteed to generalize well! On the contrary,
problems such as the above are learnable via alternative learning rules that have nothing to do with
uniform convergence. The key element is to introduce stability or, equivalently, regularization.

Theorem 3 (Shalev-Shwartz et al. (2010)) Let P = (Z,D,H, f) be a stochastic convex opti-
mization problem where f : H × Z → R is L-Lipschitz with respect to h and H is bounded by B.
Let z1, . . . , zm be an i.i.d. sample and let ĥλ be defined as:

ĥλ = argmin
h∈H

(
1

m

m∑
i=1

f (h, zi) +
λ

2
∥h∥2

)
, (10)

for λ =
√

16L2

δB2m
. Then, with probability at least 1− δ we have:

F
(
ĥλ

)
− inf
h∈H

F (h) ≤
√

8L2B2

δm
. (11)

That is, regularized empirical risk minimization (RERM) is guaranteed to generalize well, even
though the solution returned by vanilla ERM might be arbitrarily poor. The authors of Shalev-
Shwartz et al. (2010) discuss how regularization here plays a different role than in traditional learn-
ing theory: the role of regularization is to make the learning algorithm stable and NOT to control
the capacity of the hypothesis class.

1. Note that h = 0 is also an ERM. The above example can be slightly modified to yield an example where the unique
ERM generalizes poorly.
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Figure 1: Learnability in the General Setting of Vapnik – credit to Shalev-Shwartz et al. (2010).

Remark 4 In addition to regularized ERM, we also know an alternative learning rule which is
guaranteed to perform well in SCO problems: Zinkevich’s (Zinkevich, 2003) online learning algo-
rithm together with an online-to-batch conversion. The regularization there is implicit: Zinkevich’s
algorithm can be viewed as approximate coordinate ascent optimization of the dual of the regular-
ized problem (10).

The proof of Theorem 3 crucially depends on the notion of stability (regularized ERM is shown
to be stable). We review the standard definition of (uniform) stability of a learning algorithm.

Definition 2 (Uniform Stability): Let S and S′ be any two training samples that differ by a single
point. A learning algorithm A : ∪∞

m=1Zm 7→ H is said to be uniformly β-stable if the hypotheses it
returns when trained on S and S′ satisfy

∀z ∈ Z, |f(hS , z)− f(hS′ , z)| ≤ β. (12)

The smallest such β satisfying this inequality is called the stability coefficient of A.

Remarkably, the above discussion extends to any problem in the General Setting of Learning.
To state (in passing) the result, we need the following definition of asymptotic ERM (AERM).

Definition 3 (AERM): We say that a learning rule A : ∪∞
m=1Zm 7→ W is an asymptotic ERM

with rate ϵERM(m) under D if:

ES∼Dm

[
F̂ (A(S))− F̂ (ŵ)

]
≤ ϵERM(m). (13)

A learning rule is universally an AERM with rate ϵERM(m), if it is an AERM with rate ϵERM(m)
for each distribution D.

Remarkably, Shalev-Shwartz et al. (2010) are able to provide an exact characterization of learn-
ability.

Theorem 5 (Informal- Shalev-Shwartz et al. (2010)) A learning problem is learnable if and only
if there exists a stable, universally AERM learning rule.

Thus, for general learning problems, it suffices to search over asymptotic ERM learning rules –
see Figure 1.
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Figure 2: The Feldman (2016) construction in 2 dimensions.

3. Sample Complexity of ERM

We, now, return to finite-dimensional stochastic convex optimization problems which abound in
applications. In this section, we construct a learning problem in high-dimensions where an ERM
generalizes poorly. We then discuss how this translates to an Ω(d) lower bound on the sample
complexity of ERM in SCO. These contributions appear in Feldman (2016).

The construction depends on the probabilistic method, first pioneered by Paul Erdos.

Example 3 Let U be a set of unit, nearly-orthogonal vectors in Rd such that |⟨u, v⟩| ≤ 1/8 for all
u ̸= v in U . Let P (U) be the powerset of U and let D be the uniform distribution over P (U). That
is, Z ⊆ U . Let V1, . . . , Vm ∼ D and take m = d. The loss function2 is defined as follows:

fF16(h, V ) = max

{
1

2
,max
u∈V

⟨u,w⟩
}
. (14)

Note that is convex and Lipschitz in its first argument. We compute the probability of not sampling
a u ∈ U in the m Vi’s:

P [∃u0 ∈ U : u0 /∈ Vi, i ∈ [m]] = 1− P [∀u0 ∈ U : ∃i ∈ [m] u0 ∈ Vi]

= 1−
d∏
j=1

P [∃i : uj ∈ Vi]

= 1− (1− P [uj /∈ Vi ∀i ∈ [m]])d

= 1−
(
1− 1

2d

)2d

≥ 1− e.

(15)

For the “unsampled” vector u0, it holds for all i ∈ [m]:

fF16(u0, Vi) =
1

2
, (16)

2. See Figure 2
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hence u0 is an ERM. However:

FF16(u0) = EV∼D [fF16(u0, V )] =
1

2
+

1

2
· 1
2
=

3

4
. (17)

Thus, with constant probability:

∣∣∣FF16(u0)− F̂F16(u0)
∣∣∣ ≥ 1/4 > 0. (18)

As a result, ERM generalizes poorly and uniform convergence fails.
Finally, note that our construction assumed the existence of a set U of nearly orthogonal unit

vectors. Its existence can be shown via standard probabilistic arguments in dimensions high enough.

We saw an example where the number of dimensions is equal to the number of samples m = d
where ERM fails to generalize well. As a corollary, we obtain that, within SCO, ERM requires at
least Ω(d) in order to generalize.

4. Sample Complexity of GD

The previous results permit some optimism: while an arbitrary ERM might not be able to generalize
well in high-dimensional SCO problems, the specific properties of learning rules used in practice,
such as first-order methods, could perhaps lead them in less pathological solutions. For this reason,
we shift our attention to the sample complexity of gradient descent (GD) and stochastic gradient
descent (SGD). We present the results of Schliserman et al. (2024).

4.1. Gradient Descent & Stochastic Gradient Descent

First, we introduce the algorithms we consider. In this section, we denote the hypothesis space by
W ⊂ Rd. We assume access to m samples z1, . . . , zm.

Gradient Descent (full-batch)

initialize at w1 ∈ W;

update wt+1 = ΠW

(
wt −

η

m

m∑
i=1

∇wtf(wt, zi)

)
, 1 ≤ t < T ;

return w̄S :=
1

S

S∑
i=1

wT−i+1.

where ΠW denotes the projection onto the convex set W ⊂ Rd, and η > 0 is the learning
rate. The output is the average over the last S iterates.
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Figure 3: Overfit of GD Figure 4: Underfit of SGD

Stochastic Gradient Descent

initialize at w1 ∈ W;

update wt+1 = ΠW

(
wt − η∇wtf(wt, zi)

)
, 1 ≤ t < T ;

return w̄S :=
1

S

S∑
i=1

wT−i+1.

4.2. Lower bounds

Recently, Schliserman et al. (2024) showed two important results for these two algorithms – see
Figures 3, 4. They provided:

- A construction of a learning problem, where GD (starting from a data-independent initializa-
tion) outputs a bad ERM, unless trained with m = Ω(

√
d) samples.

- A construction of a learning problem, where SGD outputs an underfit model, unless trained
with m = Ω̃(

√
d) samples.

For reference, the previous such known result was of the form m = Ω(log d) due to Amir et al.
(2021). Thus, the results of Schliserman et al. (2024) provide an exponential improvement of the
lower bounds.

We first present the GD lower bound.

Theorem 6 (Schliserman et al. (2024)) Fix m > 0, T > 32002 and 0 ≤ η ≤ 1
5
√
T

and let

d = 178mT + 2m2 + max
{
1, 25η2T 2

}
. There exists a distribution D over instance set Z and

a convex, differentiable and 1-Lipschitz loss function f : Rd × Z → R such that for GD (either
projected or unprojected; with W = Bd or W = Rd respectively) initialized at w1 = 0 with step
size η, for all t = 1, . . . , T , the t-suffix averaged iterate has, with probability at least 1

6 over the
choice of the training sample,

F (w̄T,t)− F (w⋆) = Ω

(
min

{
η
√
T +

1

ηT
, 1

})
.
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Proof (Proof sketch) The construction is similar to that of Feldman (2016), adjusted in order to
make GD progress towards a bad ERM. Let U defined as in the Feldman construction as the set of
nearly orthogonal unit vectors, W = Rd,Z = P (U) × [m2]. The distribution D is uniform over
P (U)× [m2]. The loss function f : W ×

(
P (U)× [m2]

)
7→ R consists of four different terms:

f(w, (V, j)) = l1(w, V ) + l2(w, (V, j)) + l3(w) + l4(w), (19)

where:

-

l1(w, V ) =

√√√√ T∑
k=2

f2F16(w
(k), V ), (20)

where w(k) ∈ Rd′ and fF16(w, V ) = max
{

3
32η,maxu∈V ⟨u,w⟩

}
. This term is responsible

for the existence of the bad ERM.

-
l2(w, (V, j)) = ⟨−ϕ(V, j), w(0)⟩, (21)

where w(0) ∈ R2m2
and ϕ “encodes” each V . This term is responsible for encoding the

dataset into the weights.

-

l3(w) = max

{
δ1,max

ψ∈Ψ

{
⟨ψ,w(0)⟩ − β⟨α(ψ), w(1)⟩

}}
, (22)

where Ψ encode all the possible datasets and α(ψ) returns a vector u ∈ U that does not
belong to the dataset associated with the encoding ψ. This term is responsible for steering the
first component towards the bad ERM.

-

l4(w) = max

{
δ1, max

u∈U,k<T

{
3

8
⟨u,w(k)⟩ − 1

2
⟨u,w(k+1)⟩

}}
(23)

This final term is responsible for making all the components of the parameter vector
w(1), . . . , w(k) steer towards the bad ERM.

The proof proceeds to show that GD initially makes one bad step towards the bad ERM in one of
the orthogonal subspaces, and then it repeats this bad step in the rest of the subspaces.

The implication of the previous result becomes apparent if we plug in the following values as
referred to as the canonical setting. Let T = m and η = Θ(1/

√
m), then d = 178mT + 2m2 +

max
{
1, 25η2T 2

}
= Θ(m2) and it also holds for the generalization gap:

F (wT,t)− F (w⋆) = Ω(1). (24)

The implication is that at least m ≥ Ω(
√
d) samples are required for GD to reach nontrivial popu-

lation loss.
A similar construction establishes a similar lower bound for (non-stable) SGD.
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Theorem 7 (Schliserman et al. (2024)) Fix m > 2048 and 0 ≤ η ≤ 1
5
√
m

and let d =

712m logm + 2m2 + max
{
1, 25η2m2

}
. There exists a distribution D over instance set Z and

a convex, 1-Lipschitz and differentiable loss function f : Rd × Z → R such that for one-pass
SGD (either projected or unprojected; with W = Bd or W = Rd respectively) over T = m steps
initialized at w1 = 0 with step size η, for all t = 1, . . . , T , the t-suffix averaged iterate has, with
probability at least 1

2 over the choice of the training sample,

F̂ (wT,t)− F̂ (ŵ⋆) = Ω

(
min

{
η
√
T +

1

ηT
, 1

})
.

Remark 8 It is well known (see, e.g., Hazan (2016), Shalev-Shwartz and Ben-David (2014)) that
if one runs SGD with a learning rate η = Θ(1/

√
m) for T = m iterations, then the output wSGD

S

holds:
E

S∼Dm

[
F
(
wSGD
S

)]
≤ F (w∗) +O(1/

√
m). (25)

The above result does not contradict the behavior of SGD in this canonical setting, where it is known
that SGD generalizes.

5. Conclusion

In this report, we considered learning in the fundamental framework of Stochastic Convex Opti-
mization and we saw how the learning landscape is surprisingly more complex than in standard
supervised learning (Shalev-Shwartz et al., 2010). An ERM might fail arbitrarily, yet the learn-
ing problem might still be learnable with alternative, stable, learning rules which nevertheless are
approximate ERMs.

Initially, these challenges motivated the study of learning algorithms and first-order methods
within SCO to understand when learning problems are easy. However, in a series of recent papers,
it has been established that the sample complexity of GD (an archetypic algorithm used in practice)
is in worst-case as bad as an arbitrary ERM. A question then remains: Can we identify a theo-
retical framework where GD is provably better than an arbitrary ERM? This is no doubt the
most interesting open question we have agreed upon, yet there are more technical questions remain
as well. To list a few, is dimensional dependency indeed linear for general full-batch first-order
algorithms other than GD and SGD? Do we have an dimensional-dependent upper bound on the
optimization/training error of one-pass without-replacement SGD (as it is not an ERM)?
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